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Abstract. To increase the reliability of single-crystal blade durability estimations a 
phenomenological model of single crystal superalloy plasticity based on the use of an 
“equivalent” direction and its software implementation has been developed. The relative 
orientation between principal stresses and single-crystal (SX) axes is considered by this 
direction. In order to study the effect of crystallographic orientation (CO) on the 
characteristics of a single-crystal material, a series of tests was carried out at various 
temperatures under tension under conditions of short-term and long-term loading. The 
possibility of using linear interpolation to determine the characteristics of plasticity and creep 
for intermediate CO has been confirmed. An example is given of using the developed 
calculation method in the Finite Element Analysis Software CalculiX using the model blade 
as an example.  
Keywords: single-crystal, crystallographic orientation, anisotropy, stress-strain state, 
plasticity, creep 

 
 

1. Introduction  
The production of new gas-turbine engines for aviation is largely determined by the 
development of new heat-resistant materials with enhanced strength characteristics. The 
engine thrust, characteristics of its efficiency and weight and dimensions primarily depend on 
the turbine inlet gas temperature. This requires an increase in the performance characteristics 
of the engine part materials, turbine blades in particular. 

Turbine blades are increasingly being made of single crystal nickel-based superalloys 
(SCNBS). These superalloys were developed to provide superior creep, stress rupture, melt 
resistance, and thermomechanical fatigue capabilities over polycrystalline alloys previously 
used in the production of turbine blades and vanes. 

To adequately define the stress-strain state (SSS) of blades, it is essential to perform 
strength calculations taking material anisotropy and the physical and geometrical non-linear 
effect into account. There are two main ways to obtain elastic-plastic SSS of single crystal (S) 
superalloys. Comparison of those ways can be found in [1]. 

The first one is a "crystallographic approach" based on Schmid's law according to which 
when the resolve shear stress on a slip system reaches a critical value, plastic strains 
occurs [2-9]. 

The second approach is based on the use of different phenomenological models. The 
best known theory for anisotropic materials is the Hill plasticity model that was proposed in 
1947 for orthotropic materials and implemented in well-known Finite Element 
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Analysis (FEA) Software (ANSYS, ABAQUS, MSC Nastran, etc). Hill's yield criterion, 
which can be considered a generalization of the von Mises criterion, relates yield strength in 
different directions to a reference yield stress. Creep response can also be described using the 
Hill model. A detailed description is given in [10-13]. 

There are no plasticity and creep models of SС material in the popular FEA software. 
The goal of this study was to develop one. Such models have to be physically-based and 
readily implementable, but also should not be expensive or time-consuming while obtaining 
the necessary experimental data. 

 
2. Methods 
This paper focused on the following topics:   

• Experimental investigation of alloy behavior.  
• Plasticity and creep model development and their program implementation.  
• Single Crystal blade calculation.  
Experimental Studies. In order to study the effect of CO on the characteristics of a 

SCNBS, a series of tests was carried out at various temperatures for a Russian alloy: tensile 
test under conditions of short-term and long-term loading. Additionally, torsion tests were 
conducted at room temperature. 

All experiments were carried out for four different COs: [001], [011], [111], [012]. It 
should be noted that samples with intermediate orientation [012] were tested to check the 
hypothesis of piecewise linear interpolation of properties, which will be described in more 
detail later. Fig. 1, 2 show a view of SCNBS specimens. 

 

 
Fig. 1. Specimens for tensile test 

 

     
Fig. 2. Specimen after torsion test 

   
Plasticity and Creep Models and Their Program Implementation. SX are 

characterized by a cubic symmetry of properties, i.e. the crystallographic lattice has three 
mutually orthogonal planes of symmetry (Fig. 3). One can distinguish three mutually 
perpendicular directions for which the properties are equal. There are three main families of 
Crystallographic directions that are vertices of a stereographic triangle: <001>, <011>, 
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<111> (Fig. 3). 
The suggested approach incorporates the cubic symmetry of SX using the generalized 

Hooke's law:  
{ } [ ]{ }Сσ ε=  or { } [ ]{ }Sε σ= , (1) 

where { }σ , { }ε  are tensors of stress and strains and [ ]С , [ ]S  are 4th order tensors of 
stiffness and compliance. 

The elastic properties of SCNBS exhibit cubic symmetry, also described as cubic 
syngony. The elastic properties of materials with cubic symmetry can be described with three 
independent constants of the elastic stiffness matrices, 11С , 12С , ..., 44С or the elastic 
compliances 11S , 12S , ..., 44S  (After transition from the tensor notation to the matrix one). 
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Fig. 3. Single Crystal Axes   Fig. 4. Stereographic triangle 

  
To determine the elastic modulus in an arbitrary crystallographic direction n



, the 
dependence is used: 

11 11 12 44
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, (2) 

where L characterizes the direction of 𝑛𝑛�⃗  with respect to the axes of the SX (Fig. 2) and is 

equal to zero in the directions <001> and reaches a maximum value of 1
3

 in the 

<111> direction. 
2 2 2 2 2 2

1 2 2 3 3 1L l l l l l l= + + , (3) 

where, ( )1 cosl n X= ∧


, ( )2 cosl n Y= ∧


, ( )3 cosl n Z= ∧


- direction cosines. This dependence 

can be shown as a glyph (Fig. 5). 
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Fig. 5. The glyph represented elastic anisotropy 

 
A yield surface is a map in stress space, in which an inner envelope is drawn to 

demarcate elastic regions from yielded regions. The yield criterion for polycrystalline material 
could be written as follows: 

( )e Yf Tσ σ= − , (4) 
where 𝜎𝜎𝑒𝑒 is the equivalent stress and 𝜎𝜎𝑌𝑌 represents the yield strength. A whole range of 
multiaxial yield criteria exist. The most commonly used criterion in engineering practice, 
particularly for FE computational analysis, is that of von Mises and Tresca. 

For anisotropic materials, the yield surface is much more complicated than for isotropic 
materials. It is necessary to consider the orientation of the stress state relative to the axes of 
SX and mechanical properties in different directions. This could be written as follows: 

( )1 2 3, , , , , , 0YF f σ σ σ σ α β γ= = , (5) 
where 𝛼𝛼, 𝛽𝛽, and 𝛾𝛾 are the angles characterizing the position of the principal stress axes 
relative to the main coordinate system. There are number of yield criterion of anisotropic 
bodies, but their distinctive feature is the complexity of the yield surface (i.e, a function of the 
equivalent stress). 

For the calculations of the elastic-plastic stress-strain state (SSS) by the finite element 
method for a single-crystal alloy, the authors proposed [1] a plasticity criterion: 

( ),e Yf Tσ σ γ= − , (6) 
where 𝛾𝛾 is the relative orientation between principal stresses and SX axes, T is the 
temperature, 𝜎𝜎𝑒𝑒 is equivalent stresses. Stresses by von Mises, Tresca, and unifying them, the 
Hosford, could be considered  as equivalent. 

The value of the orientation factor L (3) of the equivalent direction T


 (Fig. 6), 
determined by (7), is taken in the present study as parameter γ . 

1 1 2 2 3 3T e e eσ σ σ= + +
   

. (7) 
Using this value, the yield strength, as well as other mechanical properties (ultimate 

tensile strength, elongation) defining the deformation curve for the given SSS and temperature 
(Fig. 7), is calculated for temperature T. The use of piecewise linear dependence is suggested 
in this study. Elastic modulus is calculated by (2). After determination of the specified 
parameters, a deformation curve is constructed. It should be noted that tangent modulus is the 
function of yield strength, ultimate tensile strength, elongation and therefore depends on L. 

Many studies have been done on tension/compression asymmetry in the mechanical 
characteristics of SCNBS [7,14], where authors have shown that this difference can be 
significant. The suggested approach assigns a sign to equivalent stresses by the sign of mean 
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normal stress:  
( )1 2 3

3m

σ σ σ
σ

+ +
= . (8) 

 
Fig. 6. Equivalent direction 

 

 
Fig. 7. Yield strength dependence on L 

   
In order to consider tension/compression asymmetry, the suggested approach allows us 

to input asymmetry coefficient as a function of temperature and crystallographic direction. It 

is an experimentally determined ratio 
tens
Y

ac compr
Y

k s
s

= . 

Developed approach allows us to consider the effects of variations of the relative 
orientation between crystal axes and blades axes on SSS. This approach can be easily reduced 
to the level of isotropic materials. The computational procedure of SX turbine blade SSS 
determination using the proposed approach consists of the following steps: 

• mechanical FEA produces trial stresses and strains;  
• the routine computes the equivalent direction T



 (7) and its orientation factor L (3) in 
every integration point of FEM;  

• by the value of L, the routine computes material properties defining the deformation 
curve (yield and ultimate strength, elongation) at every integration point of FEM with its 
temperature;  

• the routine computes the sign of mean normal stress (8);  
• in case of a negative value of mean normal stress, the routine adjusts the values of the 

yield strength (in the case of available data on the characteristics of asymmetry);  
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• the routine checks the yield criterion (6) for every integration point of FEM;  
• the routine constructs the deformation curve ( )fσ ε=  for integration points where  

e Yσ σ≥ ;  
• the routine determines the elastic-plastic SSS. 
Results of experimental and numerical checking of this approach shown good 

feasibility [16]. 
Developed creep subroutine deals with the anisotropy in similar way. By linear 

interpolation between values for the main CO (<001>, <011>, <111>) routine constructs 
creep curve for temperature, stress, accumulated state variable, and relative orientation 
between crystal and blade axes. 

Construction of creep curves is carried out using Larson-Miller curves at every 
integration point with the temperature T and stress eσ . 

( )10logLMP T t C= + , (9) 
where C – material constant, usually 20; t – life, hr. 

For isotropic materials, results of this model were compared with experimentally 
obtained results of High Pressure Turbine (HPT) blade damage and deformation. It was 
shown that numerical predictions were correct [15]. 

A feature of this material model is the need to identify the starting point on the creep 
curve for the calculation of creep. Such an identifier is the accumulated equivalent plastic 
strain at the stage of elastoplastic calculation. That is, plastic and creep strain are related 
quantities. 

The proposed plasticity and creep models were implemented in the open-source FEA 
software CalculiX. Modifications were made to the program modules responsible for the 
physical nonlinearity of the material [16]. 

Single Crystal blade calculation. The calculations of SSS and static strength on the 
design mode of the HPT SX model blade with and without anisotropy were carried out for the 
comparison of strength characteristics. All strength calculations were carried out by three-
dimensional finite element method. Operation time on design mode is 100 hours. 

Figure 8 shows FEM of the model blade. Figure 9 shows temperature distribution along 
blade. 

The strength calculations of the blade were carried out step by step: at the first stage, the 
SSS was determined in the elastic-plastic formulation considering the anisotropy of the elastic 
and plasticity characteristics; at the second, the problem of determining the kinetics of the 
SSS due to creep (stress relaxation) was solved. 

The blade was fixed on the contact edges of the shank. The safety factor value of long-
term static strength (𝐾𝐾𝑚𝑚) can be determined by the equation: 

( ), ,r
m t

eqv

T t T
K

σ

σ
=



, (10) 

where rσ  – creep strength, determined for a given temperature, duration and equivalent 
direction; t

eqvσ – equivalent in time stress. This stress leads to the same damage as constantly 
changing due to creep stress. 

One of the issue when equation (10) is used is to take into account equivalent direction 
changing due to creep. Below we will compare results for two variants of calculation of safety 
factor with and without consideration of the changes in L. Average integral is being used for 
such purpose.  

It should be noted that Km is connected to the lifetime safety factor according to 
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formula ( )m
t mK K= , where m – is the parameter characterizing the slope of the long-term 

static strength curve. 
 

  
 Fig. 8. FE Model Fig. 9. Temperature distribution, °C 

 
3. Results 

Experimental Studies. Torsion and tension experiments of smooth cylindrical 
specimens of various COs ([001], [011], [111], [012]) were carried out. The deformation 
curves are presented in Figs. 10, 11. There is a strong anisotropy of the properties of both 
tensile and torsion during the transition from one CO to another (Table 1). 

    
 Fig. 10. Deformation Curve at 20ºC Fig. 11. Deformation Curve at 1000ºC 

   
Table 1. Experimental results 

CO E, GPa G,GPa 
[001] 130 77 
[011] 236 41 
[111] 325 42 
[012] 246 53 

 
Creep strength anisotropy was experimentally investigated for the same SCNBS in this 

study. The investigation was carried out in a wide range of stresses and temperatures. As 
expected, creep characteristics are highly dependent on CO. Figure 12 shows some of the 
results of creep tests. Figure 13 shows Larson-Miller curves. 
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 Fig. 12. Creep Curves at T=950ºC, Fig. 13. Larson-Miller curves 
 𝜎𝜎=314 MPa  

 
Analysis of the results showed that CO [011] is the least favorable in terms of strength 

characteristics. 
Proposed models based on the hypothesis of the possibility of using piecewise linear 

interpolation of properties in stereographic triangle using orientation factor L. The validity of 
the accepted hypothesis was tested. Figures 14, 15 show the dependence of yield and unlimate 
strengths on the orientation factor (3), where the values are 0.0, 0.16, 0.25, 0.33, 
corresponding to the [001], [012], [011], [111] orientations, respectively. 

It is shown that the data for the yield strength and ultimate stress for the intermediate 
orientation [012] (L = 0.16) are in satisfactory agreement with the hypothesis of linear 
interpolation of properties between the main CO ([001], [011], [111]), nevertheless it is 
recommended to obtain material properties in intermediate COs. 

  
 Fig. 14. The value of yield strength Fig. 15. The value of yield strength  

 dependence on L for 20ºC dependence on L for 1000ºC 
 
Finite Element Analyses of Turbine Blade. Figures 16, 17 show distribution on the 

isotropic blade von Mises stress and the local safety factor. "Dangerous" zones with low 
values of safety factor values are marked by numbers 1,2. First zone is the zone with maximal 
temperature, second zone is the zone with minimal safety factor value. 

After the calculations, the processing of their results was carried out and the magnitudes 
of changes in the values of stresses and safety factors were found in case of taking into 
account anisotropy. To do this, we used the following relationship. 

_ _

_

iso t aniso t
t eqv eqv
eqv iso t

eqv

ss
s

s
−

∆ = , (11) 

318 Boris Vasilyev, Alexander Selivanov



iso aniso
m m

m iso
m

K KK
K
−

∆ = . (12) 

A negative value means a decrease in magnitude in case of anisotropy consideration. 
Figures 18, 19 show distribution on the blade differences of the results. Table 1 shows 

results for two calculation with and without anisotropy consideration in "dangerous" zones, 
where 0σ  – von Mises stress at the end of elastoplastic strain; endσ  – von Mises stress after 
100 hr of working on regime; t

eqvσ – equivalent in time von Mises stress. 

  
 Fig. 16. Distribution of 0σ , MPa Fig. 17. Distribution of mK  

  
Fig. 18. Distribution of 

t
eqvσ∆ ,% Fig. 19. Distribution of mK∆ , %  

 
Analysis of the results showed that when anisotropy is taken into account, the values of 

the estimated safety margins decreases by 20-30%. That means underestimation of the 
estimated life by 300-400%. It is also worth noting that the change in safety factor values is 
more significant than the change in stress values. 
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Table 2. Calculation results 
Model Zone, #  T, ºC L 0σ , MPa endσ , MPa t

eqvσ , MPa rσ , MPa mK  ∆ , % 

Iso 
1 1032 

0.20 163 63 96 255 2.65 - 
Aniso 0.19 178 71 104 288 2.76 4 
Aniso* 0.10 256 2.46 -7 

Iso 
2 722 

0.19 584 567 569 992 1.74 - 
Aniso 0.20 697 628 641 813 1.27 -27 
Aniso* 0.20 814 1.27 -27 

*equivalent direction changing due to creep consideration 
 
Figures 20, 21 show relaxation curve for zone #1, 2. 

 

  
 Fig. 20. Relaxation curve (zone #1) Fig. 21. Relaxation curve (zone #2)  

 
4. Discussion 
The analysis of the results showed that blade needs to be considered anisotropic. Figure 20 
shows histogram of mK∆ . For the considered blade under the given conditions and loads, it 
was shown that ignoring the anisotropy can lead to an underestimation of the estimated 
durability by 300-400%. 
 

 
Fig. 22. Histogram of mK∆ , % 

 
It should be noted that this blade is characterized by a relatively simple cooling system 
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and a relatively simple stress state. When considering blades with a more complex cooling 
system, the difference in results may be even more significant. The direction of further 
research is the development of a method for assessing the cyclic durability of single-crystal 
turbine blades. 

 
5. Conclusions 
Based on the research results, the importance of taking into account the anisotropy of 
characteristics and the complex stress state when calculating the static strength of SX turbine 
blades is shown. To consider this a phenomenological model based on equivalent direction of 
stress state is proposed. Changing of equivalent direction due to creep should be considered.   

In addition, necessity of obtaining characteristics in intermediate CO's is shown.  
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