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Abstract. In the proposed paper the Planar 3D model of hydraulic fracturing was
investigated. All of the hydraulic fracturing equations were substituted into the mass
conservation law and scaled. Nontrivial dimensionless parameters of the problem were found.
Asymptotic regimes of the equation, the Radial or the Pseudo3D model, correspond to the
infinitely small or the infinitely large dimensionless parameters. Thus, the limiting conditions
of these models were found in the terms of the dimensionless parameters.
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1. Introduction

At the current time, a various number of mathematical models of hydraulic fracturing are
presented in scientific literature, the review on which see, for example, in [1]. Analytical or
semi-analytical models, like the Perkins-Kern-Nordgren model [2-3], the Khristianovich-
Geertsma-de-Clerk model [4-5], or the Radial model [2,6-7], have a high evaluation speed,
but limited application field due to their simplicity. Pseudo3D model, which is, in fact, one-
dimensional, is fast enough for practical application, but still not valid for highly heterogenic
reservoirs [8-9].

In contrary, the Planar3D model [10-13] is valid for all types of planar fractures,
including the fractures in highly heterogenic reservoirs, but has relatively low evaluation
speed for practical purposes. Thus, the Planar3D model application should be limited only by
the cases which cannot be numerically simulated with the proper accuracy using other
existing models. The main parameter for the analytical models applicability is the ratio
between fracture length and height. If the ratio is high, the Pseudo3D model is valid, if the
ratio is low — the KGD model should be used. In case of homogeneity of the reservoir
conditions, we should apply the radial model.

Nevertheless, the existing criterion is based on the parameters, which themselves are not
the initial conditions of the problem, but the results of the numerical simulation. Therefore,
the conclusion about the model applicability can be made only after numerical modeling,
which is not suitable for field applications. In real practice, a hydrofracturing engineer has
only a 1D geomechanical model and a pumping schedule. A modeling result, including the
length to height ratio, cannot be easily predicted before modeling. For such purposes, we
would need a dimensionless condition on the initial parameters. Moreover, since the
analytical models were developed before the more general Planar3D model, the connection
between those has not been rigorously proven yet. The main problem is that the transition

http://dx.doi.org/10.18149/MPM.4712021_9
© 2021, Peter the Great St. Petersburg Polytechnic University
© 2021, Institute of Problems of Mechanical Engineering RAS



90 E.V. Shel

between a two-dimensional Planar3D model and one-dimensional Pseudo3D models is not
obvious, and, as presented in this work, requires more than the length/height ratio.

In the proposed work, the non-dimensional formulation of the Planar3D model was
obtained, and the full set of the dimensionless parameters of the equation was derived. Using
a different set of conditions on small dimensionless parameters in the original equations of the
Planar3D, the transition into the Pseudo3D model and analytical model was proven. Thus, the
Pseudo3D model appeared to be the limit of the Planar3D model in the case of a low ratio
between viscous pressure gradient and the rock stress gradient. In contrary, the Radial model
is the limit of the Planar3D model in case of a high value of the abovementioned ratio. In the
case of point injection source (for the horizontal well) the Planar3D model has the asymptote
of the Radial model at the short time of injection.

2. Mathematical formulation of the Planar3D model

The Planar3D model supposes that the fracture surface is planar and perpendicular to
minimum rock stress. The containing medium is assumed to be multilayered, with horizontal
interfaces between different layers. Each layer is considered as an isotropic and homogeneous
medium. These assumptions lead to the elastic equation in each layer:

O'l'j = 0'8- + AkH(SU + 2,ukei]-, (1)
where A, u, are Lame constants of the layer with index k, ai(} is the initial stresses before
hydrofracturing.

The fracture width is designated as a jump in the displacement projection, perpendicular
to the fracture surface (see Fig. 1). In the area without fractures, according to the symmetry of
the problem, the displacement projection perpendicular to the fracture surface equals zero, as
well as the shear stress.
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Fig. 1. The geometry of the Planar3D model problem

To sum up, the boundary conditions are as follows:
Wl = (uf — Ui+ wlin = 0. @
From the elasticity problem the normal stress at the fracture surface can be derived,
which equals to the fluid pressure in the area of fracture penetration:

Plisnr = 02zl 1411 3)
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For the elastic media, homogeneous by the elastic constants, the pressure can be
obtained through double-layer potential:

£’ v To—7)dS,
p(xr Y) - O—(x, y) = — @ ow (1) (To—7)dSy (4)

8m(1-v2) [ro—T|3 !
where E' is the plain-strain modulus of the elastic medium, a(x, y) are the initial stresses at
infinity, perpendicular to the fracture plane. Usually, o(x,y) are considered as linear or
constant functions depending only on y in each layer, so in further equations, it can be
replaced with o (y).

The mass conservation law of the fluid is constructed in the following form in the
Planar3D model:

] S
= +divg +q, = q;, 5)
where w is the fracture width, defined in Equation (2), g is the fluid flux, integrated over the
fracture aperture, q; is the leakage rate of the, gq; — source function, usually approximated as

1- or 2-dimensional Dirac delta-function.
Leakage rate of the fluid in most cases is assumed to be corresponding with the Carter

2C;
q = \/t—_tO' (6)
Fluid flux along the fracture can be evaluated by Poiseuille’s law for pseudo-plastic
fluid rheology [14]:

> — 1

glgl—* = —WWMHVP, (7)
_2™1n+)"
- an 8)

The fracture propagation condition may have quite complicated forms, but all these
forms have an equivalent in form of the potential energy variation [15]:

Kic?
SAfrac = #55 = nyrac55: 9)

where K is the medium fracture toughness, 8S — fracture surface variation, §Asqc; — energy
variation on fracture growth. Most equations in this section can be seen, for example, in [10].

3. Scaling of the Planar3D model

Scaling of all Planar3D equations is the key feature for asymptotic analyses. Each asymptotic
mode can be derived from the original system only when some terms of the equation are
proven to be negligible. Thus, a system of equations should have a dimensionless form for
such estimations, when all required functions in the equations have the order of 1, and all
scaling parameters are taken out as factors that determine the dimensionless parameters of the
equations.

In the problem of hydraulic fracturing, there are two required functions: fracture width
distribution w(x,y,t) and fluid pressure p(x,y,t), defined on the fracture plane. Fracture
form can be defined as the w(x, y, t) function support. Function p(x, y,t) can be derived by
the Equation (10) from the function w(x, y, t) hence, to be excluded from the equations.

To obtain the dimensionless form of Equation (4) coordinates x, y should be scaled on
some length constant from the geometry of the problem, while fluid pressure should be scaled
on some pressure constant from boundary conditions. In an infinite homogeneous medium,
such boundary constants do not exist, but in most field appliances this condition is not
observed. At least, there is some permeable reservoir with thickness H, minimal rock stress o,
and at least two semi-infinite barrier layers with Ao rock stress difference with the main
reservoir. Thus, a symmetrical 3-layered media is the minimal non-trivial boundary condition
for the Planar3D model problem.

For the symmetrical 3-layered media, the scaling is as follows:
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pzﬂ;x_ 'y__W Wﬁt_V_AaH3=AaH3’ (10)

where V' is the lnjected fluid volume, p,.; = p — g, and Q is the constant injection rate.
With such scaling, using the Green formula, Equation (4) transforms as below:

L1 W(75)dSo

b= EJIQ |.,'~.’_?_6’|3 : (ll)
Using the same scaling in Poiseuille's law, Equation (6) is transformed as:

alqlt = = 22 (AT G 5 4 sywene, 12)

Yk'H

Using Scaling (10) and substituting Equations (6,11-12) in the conservation law (5) the
following equation can be derived:

1 I
_(1\» W(To)dso s L W(To)dso " ~2+% ow %
Gr\? ( & >|V<8ﬂﬂ =i ) v tar
11 2¢ 1.z
n — = n5 7). 13
v 2= = yno(F) (13)
The following combinations of scaling factors were taken as dimensionless parameters:
E'2n+1k'Q”
V = magznie (14)
1
= HE'\2
C=cG) @

Parameter y represents the ratio between viscous pressure gradient and the gradient of
rock stress. As will be shown further, it is the key parameter of the Planar3D model.
Parameter C represents the ratio between leakage rate and injection rate.

The last Equation (9), the fracture propagation criteria, can be scaled by dividing by the

. . Ac?H3 . . . . .. . .
value of elastic deformation energy GE—, This scaling will give an additional dimensional

equation and a dimensionless parameter:
8Afrq. = K285, (16)

7o [|LKe
_\EM. (17)

Parameter K2 represents the ratio between the potential energy expended on fracture
propagation and the potential energy of the elastic fracture deformation. In practical
applications, K~0.1, and hence toughness effects are usually neglected. In further work, this
assumption is operative, which means that the solutions will be presented in viscosity-
dominated mode.

Also, in further work the parameter C is neglected, due to the storage-dominated regime
assumption. The assumption of the leakage-dominated regime should be investigated in
another research. Most likely, the leak-off dominated regime scaling does not depend on
geomechanical parameters and corresponds to the similar scaling of the PKN model.

4. The Radial model asymptote

The first obvious asymptote of the Planar3D model in three-layered media is the case of
homogeneous rock stresses. In that setting, if the fracture length and height are well above the
perforation cluster (the source of the fluid flow in the model), the problem has an axial
symmetry in the fracture plane. Thus, the fracture form will be radial, and the Planar3D model
will turn into the radial model. Obviously, for the Radial model in a storage-dominated

regime the gradient of the external rock stresses V& = 0, and the Equation (13) should have
the following form:
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1 - — - l—1 1 ~ 1 1 N
- (%)” (\7, 75 |7p|" w“z) +Zyn = yus(@). (18)

The y-parameter (14) tends to infinity, whether the H - 0 or Ao — 0. Actually, if
H =0 or Ao = 0, the problem of three-layered media becomes the problem of a single
homogeneous media, and the Equation (13) should transform into the Equation (18) of the
Radial problem. Nevertheless, when H = 0 or Ag = 0, Scaling (10) has no physical meaning.
Direct limit of Equation (13) when y — oo is meaningless since the term with the highest
derivative disappears.

Therefore, Equation (13) should be transformed and rescaled in a form without y-

parameter in every term, except for the term with the V&, rock stresses gradient, which should
be negligible at the y — oo limit.

Since the toughness and the leak-off effects were neglected, the Radial model in this
assumption has a viscosity-dominated regime scaling, which can be obtained directly from the
Equation (18), but for brevity, this scaling (see, for example, [6-7]) will be written explicitly
in the abovementioned notation and then substituted directly in the Equations (13,18). For
these purposes the fracture width function w and the coordinates on the fracture plain should

be rescaled:
1 2(n+1)
‘I" — 9]/ 3(n+2)t3(n+2) p p (9)]/71+2t n+2 w=w (9)y3(n+2)t3(n+2) (19)

By substituting this scaling into Equation (18) and dividing by the common factors we
obtain the equation in the viscosity-dominated radial regime:

1
I\n[ 0 «2+= |0 ow* ~ -
‘(a) (ﬁ'w Sl ae>+a_mgt:5(9)’ (20)

ff w*(89)d? 90. (21)

CECNE
Equatlons (20-21) have no dependence on parameter y, which contained the scaling
factors H, Ao which cannot be presented in the Radial model. Also, any possible scaling of
time retains the form of Equation (20). Equations (20-21) can also be converted back into the
dimensional form with (10,19), and the independence of (20,21) on H, Ac will be obvious.
Equation (13) for the Planar3D model in three-layered media with the same scaling
from (19) turns into the following equation:

1

1
=1
1I\nl o 241 o . F ~\|" i} ) ow™ ~ 2
— (= —=,w n|l—=|p*+ tn+2 p°+ tn+2> +—t= 5(9) (22)
(w) 6 26 ( s > < ¥ ot

Condition, which allows using the Radial model Equation (20) instead of the
Equatlon (22) is as follows:

tn+2 & 1. (23)

yn+2
Given that function & has the order of 1, the (23) can be revised as:
1
t L yn. (24)
This condition means that the higher is the y, the more is the value of time, at which the
Radial model assumption is valid. It means that for low time and point source Radial model of
the fracture is always valid. Fracture reaches the size of the initial layer at time t~1. If y > 1,
then fracture can exceed the initial reservoir height and remain radial. In practical application
the injection time is &;,; > 1. Thus, the condition of the Radial fracture for practical
applications can be written simply as:
Yy >ty > 1. (25)
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Conditions (24-25) depend only on boundary conditions and thus can be used without a
direct solution of the Planar3D model. Here we should note that Condition (23) can be applied
for every inhomogeneous media with limited rock stress inhomogeneity in order of Ag, not
necessarily the three-layered symmetrical medium since the specific form of rock stress
distribution was not used in the derivations above.

5. The Pseudo3D model asymptote

The rigorous mathematical formulation of a cell-based Pseudo3D model with equilibrium
height growth can be seen, for example, in [8-9]. The geometry of the problem can be seen in
Fig. 2.
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Fig. 2. The geometry of the Pseudo3D model of the hydraulic fracturing (from [8])

The cell-based Pseudo3D model is a model with the assumption of predominate
horizontal flow, which allows rewriting the mass-conservation law (5) in the following 1-

dimensional form:
9Q , 3s 2CH

T T e 0. (26)
Here the Carter leak-offs (6) were used. The 1-dimensional mass-conservation law can
be derived by averaging the horizontal flux by the fracture height in accordance with the
Poiselle formula (7-8):
i . 1
06 = 55" (o) Loy mraz @)

Here the vertical flux was neglected, and thus, the fluid velocity vector is predominantly
horizontal. Also, this assumption leads to a lower pressure gradient along with the fracture
height, and consequently to almost uniform vertical distribution.

The last assumption used in the Pseudo3D model is the high ratio between fracture
length and height. According to these assumptions, the 3-dimensional elasticity Equation (4)
is approximated by 2-dimensional elasticity problems on the set of vertical fracture sections.
Using the uniform pressure distribution leads to the following equation of the fracture width
for a three-layered symmetrical medium:

2 4Ao . H HVh2—472427Vh2-H?
w== (p — Ao)Vh? — 422 + E{th —4z2 arcsm(z) —zln PPNy P AL
Hy HWH/W} 28)
2 HVhZ-4z2-\h2-H2 )’
Fracture growth is assumed to be quasi-static, therefore using the linear elasticity of
fracture mechanics the equilibrium pressure in the fracture vertical profile can be found as:




Asymptotical regimes of the hydrofracturing planar 3D model 95

2 Kj¢

2 . _1H

'p—aozAa[l—;sm 1;]+ pv (29)

If we apply Scaling (10), these equations can be rewritten as (see, for example, [9]):

20 05 20 _

oz ot e O (30)
1 1 3

5(x) = — L0B|0B[n " (1\n (2 p24r s

() = y 0% lox (w) f_%w ndz. (31)

Here we used the additional scaling terms on the total horizontal fluid and fracture

height at the coordinate:
h(x)

0 =420 = (32)
In addltlon there are two boundary conditions:
AL) =1;Q(0) = 1. (33)

The full solution of the Pseudo3D model can be found in terms of the function that
determines the fracture form:
%¥=x%,y,V,C,K). (34)

It is quite evident that the Pseudo3D model is significally different from the Planar3D
model. The main problem that arises from the comparison of the two is the difference in
dimensions of elasticity and hydrodynamics equations. While the Planar3D model is, in fact,
two-dimensional, the Pseudo3D model is one-dimensional. Therefore, the asymptotic
transition of the Planar3D model to the Pseudo3D model is far from obvious. In literature, the
key assumption for such transition is the length to height ratio, but as it will be shown further,
this assumption is not enough.

The main thesis of this section is that the Planar3D has the Pseudo3D model as an
asymptote at the y <« 1 limit.

To prove this statement, we should estimate the pressure gradient inside the fracture.
According to the Poiselle law (7), the pressure gradient can be derived as:

7yl = 2oL (35)
To estimate the maximum limit of pressure gradient along the horizontal x-axes, firstly,
we should note that this vector projection is less than the absolute fracture gradient itself. The
vertical pressure gradient is proportional to vertical fluid speed, which should be less than
horizontal, as higher rock stresses in the barriers reduce vertical fracture growth. Thus, if
Ao > 0:
B <P < pp| =L 00 > 0. (36)
Secondly, the maximum module of the fluid flux vector g should be estimated. In fact,
the fluid flux in the fracture will be maximal, if the leakage is neglected and the whole
injection rate Q is pointed in one direction.
The next assumption to be used is that the fracture height is at least above the reservoir

thickness H. In a reverse case if the fracture has not reached the formation boundary the

dimensionless time will be less than £ = V = , according
to the previous Section 4. In case when ¢ > 1, the fluid flux in any direction will be less than
%. The equality may be reached only if the fracture height is equal to the pay thickness H and

the whole fluid moves in the horizontal direction. By this means it leads to the following

estimation:
E,2n+1

Yk'q™ _ pk'Q™ k'Q"
t > 1 |Vp| w2n+1 S Hnw2n+1 ~ H3n+1pg2n+1"
Here we used the scaling approach in a similar way to Section 3 and Equation (10).

Using this estimation the physical meaning of parameter y may be explained:

(37)
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oy, (38)

Thus, the y parameter by order corresponds to the ratio between the fluid pressure
difference in the fracture, which is the part of the net pressure in Equation (4), and the rock
stresses contrast.

This estimation may be used in the fracture growth criteria of Griffiths (9). Let the p, be
the current net pressure at the fracture initiation point. Then, the fracture growth criteria in
horizontal direction give the following estimation:

(po + Vp * x)VL~K. (39)
Alternatively, in the scaled form:
p—yrl~7 (40)

By analogy, using Equation (29) the following estimation of the fracture growth on the
z-axis gives:

3
povh — Vph2 — As (VR — 2)~Ki, (41)
~ T 1 K
P—Vh—(l—g%? (42)
2
Here it should be kept in mind that in practical application dimensionless toughness (17)
may be estimated as K << 1. Only in that case the following estimations are valid:

p—yL~5~0= L~ (43)
Iz R4
~ T 1 K ~ 1 1
p_yh_(l_ﬁ)NENO$h~1+yﬁ—;§<rﬁ' (44)
Using those the estimation of fracture height to length ratio may be obtained:
h_k__v
L L p(-p) (49)

Based on these results, the estimation of the vertical and horizontal flux ratio is as stated
below:

AL oh
Qx~W * 205 Qy~W * =, (46)
4 o h__ ¥

oo L pa-p) 47)
In the Pseudo3D model, this ratio should be small, and thus it should be:

< 1. (48)

Noting, that the term p(1 — p) has the maximum of %, the following condition is
obvious:
y < 1. (49)

In addition, there are two additional conditions on the dimensionless net pressure arising
from Condition (48):
p>v, (50)
(1-p)>»>y. (51)

Condition (50) means that when net pressure is too low, the Pseudo3D model
assumptions cannot be implemented. It applies to, for example, the early stages of fracture
evolution, when the radial fracture has reached the reservoir boundaries but has not
meaningfully grown horizontally or when the fracture breaks into the layer with lower rock
stresses.

Condition (51) means that the net pressure should not approach the rock stresses
difference. In other cases, a rapid breakthrough will occur and the vertical fluid flux would
not be negligible.

14
p(1-p)
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All of these assumptions lead to al-dimensional fluid flow Equation (26), but they do
not necessarily lead to the reduction of a 3-dimensionless elasticity problem to a
2-dimensionless one. This statement should be proven separately. To prove that, Equation (4)
should be transformed.

On the one hand, Equation (4) may be revised as:
—_ E vw(ro)(To—7)dSo
p(x' Y) - O-(x' Y) - 87‘[(1—1/2) # |7'0—T‘|3 . (52)
Equation (28), on the other hand, has the following integral equation in its basis [17]
_ E b vw(t)
p(xr Y) - O-(xr Y) - 47.[(1 VZ) fa t—x d (53)
To prove the transition from form (52) to the form (53) at the point with the coordinate
(x,z), Equation (52) should be rewritten:

B! hx) aw ——(z —z)+a—w(x -Xx)
L 0 X X0
pCoy) =000 y) = =5 [ i dzo I 1o oy Zem— (54)
((ZO—Z)2+(xo—x)2)2
Then, we should integrate the term with % by dx, in parts:
0
ow
f (z) m(xo—x) w L(z) _3 fL(Z) w(xo—x)>?
_ 3 — R 5
e R L 1 O o —
S5 drg———— (55)

K (2022 4+ (xo-2)2)2
The boundary terms are equal to zero due to the boundary condition on the fracture

opening w = 0 on the fracture edge. Then, the second term with 27‘” should also be integrated
0

in parts:

ow dxg
fL(Z) d a(zo—z) _ (L@ ow 1 Zo—2 (56)
- 0 - J_ Pyl .

LA (gmnyrr gz L@ 0% Y (xo—x)z)%
. ] o\ (z0-2)?
Alternatively, after hyperbolic substitution:
f (Z) gTM;(Zo—Z) .
-1 " oo
aZ

ow (xo—x)y (L(2) _ (L@ azoaxo (xo—x
970 70 tanh(asmh )| “iin) fL(Z) - tanh(asmh )d Xo. (57)

Exclusive of the Ieadlng term W|th—

Zo Zo—

~Z all other terms have orders of - or —. If
L hL

%<< 1, these terms are negligible. The Ieadlng term resolves itself into the Equation (53) of
the 2D elasticity theory only when:

L@ o 4, (58)
(zo-2)

Therefore, this condition will be valid only in points with the distance from the fracture
tip of the order of H. Therefore, even under all Conditions from (36,48-51), the Pseudo3D
solution would diverge from the exact Planar3D solution in fracture tips and in points of the
maximum or minimum heights. Bearing these limitations in mind, the transition of the
Planar3D model into the Pseudo3D model under Conditions (48-51) is now proven.

To conclude this section, we should note that by analogy with the Radial asymptote, the
Pseudo3D asymptote has its own scaling. Due to the transition of the 3-dimensional theory of
elasticity to the 2-dimensional, which was proven above, the x-axis in Pseudo3D equations
becomes independent from z-axis. Thus, the Pseudo3D model can also be rescaled as follows:

fzx?*;f:%;izz*. (59)
All other parameters are scaled according to (10).
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Using this specific scaling, Equations (30,31) can be rewritten as (see, for example, [8-

9]): )
2Cy 2
v ,/V*— Vo)
1
ap [n 1 ~
0t =222 (5 ) fz W2t ads. (61)
From thIS rescallng the solutlon of the Pseudo3D model (34) can be rewritten as:
x*=x*(A,t5,Cy” Z,K). (62)

This solution does not depend on y directly, but only on the combination of parameters

~ 1 ~
A t*,Cy 2,K. The same result was obtained in [8], scaling from this work differs only by
numerical factors from scaling (59). Additionally, this exact scaling was used in the previous
work [16].

6. Discussion
The foregoing research indicates that the Planar3D model, according to (25), has the Radial
viscosity-dominated asymptote at the y > 1 limit and relatively small times £;,; <y, if the

K « 1,C = 0. It means that the fracture length and pressure grow according to the power
law, see, for example, [6-7], or Equation (19):

1 2(n+1) Qn+2 1 1 2(n+1)

L = ClHy_s(n+2)f3(n+2) = Cl( )3(n+2)t3(n+2) (63)

1 n n
Do — 0p = CoAoyn+zf nez = cz(k'E'”“)n“t‘m. (64)
Here L is the fracture half-length and p, — o, is the net pressure at the initiation point,
C;, C, are constants, which can be evaluated numerically. According to the work [7], for a

Newtonian fluid (n = 1), ¢, ~ % ~ 0.3048; C, ~ 1.12 * (12)1/3 ~ 2.56.

On the contrary, at the limit y « 1, if the K «< 1, = 0, and at the medial time, when
p(1 —p) > y, the Pseudo3D asymptote exists. According to Equation (62), and the works
[3,8-9], in terms of this work, by analogy with (63), in the Pseudo3D model fracture length
and pressure grow according to the power law:

1 2n+2 Qn+2 ! 1 2n+2

L = C3Hy zn+3tzn+s = C3(k Hn+3)2n+3t2n+3’ (65)
1
_r 1 K'E'PM 2 g1an\2ne3 1
Po — 09 = C,Acyzn+stanss = C, <—H3("+1) ) tan+3, (66)

Here C3, C, are numerical constants which can be evaluated numerically. According to
the work [3], Cs ~ =2 ~ 0.59;C, ~ —— ~ 1.44

21/5 4/5

Using the Equation (66) and Condltlons (50,51) the time estimation of the Pseudo3D
model can be made:

Y & % (67)
The lower limit can be revised if the condition of the high length to height ratio would
be used directly. It means that L > H, and therefore, using Equation (65):

1 2n+2
1 & y antstanss, (68)
With this condition combined with Conditions (49,67):
1
Y <E<, (69)

In turn, using Scaling (10) and formula (14), it can be rewritten for real time:
lenH3n+6 1 H3n+3A02n+3

)n+2<<t<<E’2n+2—

k' Q 1+n (70)

(EIH3nQn+2
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The radial model in these terms according to Condition (24) has the following limit:
1

F L\
t < () (71)

Equations (63,64) mean that on the log-log graph L on ¥V, the Pseudo3D and Radial

solution will be parallel lines with slopes 2041 apg 22t2 respectively. The Planar3D model
3(n+2) 2n+3

solutions with different values of y parameter are curves, that coincide with the Pseudo3D
solution lines at y « 1 and with the Radial solution lines at y > 1. In the case of medial y the
transition between the two asymptotes can be observed. These plots in Scaling (10) with the
same physical meaning can also be seen in the previous work [18].

This set of numerical solutions of the three-layered symmetrical model can be seen in
Fig. 3, the Planar3D solutions conform with the theory described above. Different Planar3D
solutions were obtained by variation of the stress contrast Ac and fracturing fluid consistency
k'. The full set of different solution parameters is given in Table 1.

102
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Fig. 3. Dimensionless fracture length L from the dimensionless time or the dimensionless
injected volume £ = V for different y-parameters (see Table 1)

Table 1. Parameters for different dimensional parameters y for a Newtonian fluid withn =1
and slopes of the log-log graphs from the numerical evaluation

H,m E,GPa v Ao,MPa | Q,m"3/min visc, Pa*s y slope
10 10 0 10 6 0.01 1.00E-04 0.78
10 10 0 10 6 1 1.00E-02 0.71
10 10 0 1 6 0.01 1.00E+00 0.52
10 10 0 1 6 1 1.00E+02 0.44
10 100 0 1 6 0.1 1.00E+04 0.44
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The upper time limits of the Radial model (24) and the Pseudo3D model (69,70) have
close physical meanings. At these time values, both models predict the dimensionless net
pressure to be p ~ 1. In practice, it means that net pressure is very close to the stress contrast
value. The difference is that the Radial model supposes that > 1, so that stress jumps can
be neglected in the model, while the Pseudo3D model supposes that p « 1, and therefore the
fracture is mainly contained in the initial layers. With the time growing the net pressure in the
Radial model decreases according to Equation (64), while in the Pseudo3D model it increases
as indicated in Equation (66). Therefore, in both models, dimensionless net pressure tends to
the line p « 1 but from the different sides of the line (see Fig. 4 as an example).
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Fig. 4. Dimensionless fracture net pressure p from the dimensionless time or the
dimensionless injected volume £ = V for different y-parameters (see Table 1)

7. Conclusion

Using the main equations of the Planar3D model for hydraulic fracturing (1-9), and Scaling
(10) proposed in this work, the dimensionless form of Planar3D model equations were
obtained for symmetrical three-layered media (13-17). These dimensionless equations were
studied under the effect of asymptotic analyses on dimensionless parameters.

The parameter y (13), obtained for the first time in previous works on the Pseudo3D
model and studies designed for engineering appliances [16], appeared to have the key
meaning for asymptotic analyses. The y-parameter has the meaning of the ratio between
viscous pressure gradient in the fracture and local rock stress gradient in the reservoir. In the
case of the large parameter y > 1 the asymptotic transition to analytical Radial model [6-7]
was proven. This asymptote is valid for high viscosities and low-stress contrasts. At the small
parameter y « 1 the asymptotic transition to the well-known cell-based Pseudo3D model [8-
9] was proven. This asymptote corresponds to low viscosities and high-stress contrasts.
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Both asymptotic models also have applicability limits on the timescale. These limits
were obtained in the dimensionless form (24,69) and in the form of main scaling factors
(70,71). The upper time limits have the physical meaning in terms of net pressure — at these
critical time values, the net pressure approximately equals the stress contrast. The Pseudo3D
also has a limit for minor times. Its physical meaning is simple — fracture length should be
greater than fracture height, which is the main assumption of the Pseudo3D model.

The medial values of the y-parameter Planar3D model shows transitional behavior
between two asymptotic regimes, as can be seen in Fig. 3 and Table 1.
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