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Abstract. A crack arrest model is presented in this paper for multiple circular arc-cracks with 
coalesced yield zones. The geometry of cracks discussed in the article assumes as a prelude to the 
case of two equal circular arc-cracks. Further, the influence of variable stress distribution on the 
rims of the cracks is studied. Analytical expressions for stress intensity factors and applied load 
ratios are obtained using the complex variable method. Numerical results are obtained for applied 
load ratio, yield zone length, and reported graphically.  
Keywords: circular-arc cracks, Dugdale strip-yield model, yield zone length, stress intensity 
factor 
 
 
1. Introduction 
Due to considerable mathematical difficulties, the journey of determining the precise residual 
strength of engineering materials is always a hard nut to crack. Particularly, when the material is 
damaged due to the development/ presence of multiple cracks or crack-like defects. In the case of 
multiple cracks, two or more closely located small cracks when interacting with each other form 
a big crack, which may cause a severe problem to the integrity of the structure. Before the 
formation of a big crack, the yield zones developed at each internal tip of the cracks get coalesced 
due to an increase in applied stress at the infinite boundary of the plate. 

The residual strength of the structure containing cracks is inversely proportional to the 
crack size. Therefore, it is imperative to evaluate the residual strength of the structure as a 
function of crack size. In this connection, Dugdale [1] formulated the relationship between the 
residual strength of the structure and the crack size, which is now known as the Dugdale strip 
yield model. However, the model was used largely to study the size of the yield zone in the case 
of straight cracks. Moreover, the geometry of the crack also makes an impression on the residual 
strength of the structure. Therefore, large of work has been done in past to study the problem of 
multiple circular-arc cracks which includes the work of Smith [2], Chen [3], [4], Bhargava et al. 
[5], [6], Jagannadham [7], Zhang [8], etc. The problem of circular arc cracks may be considered 
as a generalization to the Dugdale model due to the complexity of the crack geometries. 

Furthermore, the problem of circular-arc cracks, using different mathematical approaches, 
was discussed by several researchers e.g., Shiah [9] used a complex variable approach to solve a 
circular arc crack under partial loading conditions and Zhong et al. [10] used it to analyze the 
problem of a circular arc-crack in piezoelectric materials under antiplane shear and in-plane 

Materials Physics and Mechanics 47 (2021) 219-236 Received: June 24, 2020

http://dx.doi.org/10.18149/MPM.4722021_5 
© 2021, Peter the Great St. Petersburg Polytechnic University 
© 2021, Institute of Problems of Mechanical Engineering RAS 



electric field. Gao et al. [11] used Green's function approach for the treatment of a circular arc-
crack at the interface between a circular piezoelectric material and an infinite matrix. Semi 
inverse method used to solve the problem of arc crack by Shen et al. [12]. The boundary 
collocation method was applied by Cheung et al. [13] to calculate the stress intensity factor at the 
crack tip of a circular-arc crack in an infinite plate. Bhargava et al. [14] using the complex 
variable approach obtained the analytical expressions of the residual strength of an infinite 
isotropic plate containing a single circular arc crack. Gdoutos et al. [15] discussed the problem of 
two asymmetric circular arc cracks in an infinite isotropic plate and also the case of two equal 
and symmetrically positioned cracks. Bhargava et al. [16] addressed the issue of coalescence of 
yield zones between two adjacent circular-arc cracks. The theoretical and experimental study is 
carried for various arrangements of arc cracks by Pourseifi [17]. Stress intensity factors for 
circular-arc cracks in finite plates were calculated using finite element analysis by Shim et al. 
[18]. 

In the present study, an effort has been made to obtain a closed-form expression for the 
residual strength of a damaged plate in the presence of four circular-arc cracks with unified yield 
zones. Thomson's [19] and Muskhelishvili's [20] complex variable approach is used to obtain 
analytical expressions for stress intensity factor, yield zone ratio at each crack tip. The Crack-
arrest model under general yielding condition was discussed recently [21] for similar cracks 
configuration. 

 
2. Circular-arc-crack problem 
A schematic diagram of the problem of four circular-arc cracks with coalesced yield zones is 
depicted in two Fig. 1 and Fig. 2. The cracks, 𝐿𝐿𝑖𝑖(𝑖𝑖 = 1,2,3,4), occupy the intervals [𝑏𝑏1 = 𝑅𝑅𝑒𝑒−𝑖𝑖𝛽𝛽, 
𝑑𝑑1 = 𝑅𝑅𝑒𝑒−𝑖𝑖𝑖𝑖] , [𝑐𝑐1 = 𝑅𝑅𝑒𝑒𝑖𝑖𝑖𝑖 , 𝑎𝑎1 = 𝑅𝑅𝑒𝑒𝑖𝑖𝑖𝑖] , [−𝑏𝑏1 = −𝑅𝑅𝑒𝑒−𝑖𝑖𝑖𝑖,  −𝑑𝑑1 = −𝑅𝑅𝑒𝑒−𝑖𝑖𝑖𝑖] , and [−𝑐𝑐1 = −𝑅𝑅𝑒𝑒𝑖𝑖𝑖𝑖, 
−𝑎𝑎1 = −𝑅𝑅𝑒𝑒𝑖𝑖𝑖𝑖] , respectively on the circumference of a circle |𝑧𝑧| = 𝑅𝑅  in an infinite elastic 
perfectly-plastic plate occupy the entire complex-plane.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Fig. 1. Configuration of the problem when loading condition sin𝜃𝜃 𝜎𝜎𝑦𝑦𝑦𝑦 
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Fig. 2. Configuration of the problem when loading condition cos 𝜃𝜃 𝜎𝜎𝑦𝑦𝑦𝑦 
 

Rims of the cracks open in mode-I type deformation as the infinite boundary of the plate 
are subjected to stress distribution 𝜎𝜎∞. As a result, the formation of yield zones takes place at 
each crack tip. Stresses applied at the infinite boundary of the plate increases to such a limit that 
the yield zones developed at the inner crack tips 𝑑𝑑1, 𝑐𝑐1 and −𝑑𝑑1, −𝑐𝑐1 get coalesced.  

The yield zones together with the coalesced yield zones are denoted by Γ𝑗𝑗(𝑗𝑗 = 1,2,3,4,5,6) 
and occupy the intervals (𝑏𝑏 = 𝑅𝑅𝑒𝑒−𝑖𝑖𝑖𝑖, 𝑏𝑏1 = 𝑅𝑅𝑒𝑒−𝑖𝑖𝑖𝑖), (𝑑𝑑1 = 𝑅𝑅𝑒𝑒−𝑖𝑖𝑖𝑖, 𝑐𝑐1 = 𝑅𝑅𝑒𝑒𝑖𝑖𝑖𝑖), (𝑎𝑎1 = 𝑅𝑅𝑒𝑒𝑖𝑖𝑖𝑖 ,𝑎𝑎 =
𝑅𝑅𝑒𝑒𝑖𝑖𝑖𝑖) , (−𝑏𝑏 = −𝑅𝑅𝑒𝑒−𝑖𝑖𝑖𝑖,−𝑏𝑏1 = −𝑅𝑅𝑒𝑒−𝑖𝑖𝑖𝑖) , (−𝑑𝑑1 = −𝑅𝑅𝑒𝑒−𝑖𝑖𝑖𝑖,−𝑐𝑐1 = −𝑅𝑅𝑒𝑒𝑖𝑖𝑖𝑖) , (−𝑎𝑎1 =
−𝑅𝑅𝑒𝑒𝑖𝑖𝑖𝑖 ,−𝑎𝑎 = −𝑅𝑅𝑒𝑒𝑖𝑖𝑖𝑖), respectively on one and the same circle |𝑍𝑍| = 𝑅𝑅. 

According to Gdoutos [22], materials may fail at stresses that are well below the yield 
stress of the material. Therefore, to study the behavior of yield zone length under the influence of 
variable yield stress distribution. Two different types of stress distributions have to be 
distinguished. First 𝜎𝜎𝑟𝑟𝑟𝑟 = sin𝜃𝜃𝜎𝜎𝑦𝑦𝑦𝑦  as shown in Fig. 1 and second 𝜎𝜎𝑟𝑟𝑟𝑟 = cos𝜃𝜃𝜎𝜎𝑦𝑦𝑦𝑦  presented in 
Fig. 2., where 𝜎𝜎𝑦𝑦𝑦𝑦 is the yield stress of the material and 𝑡𝑡 = 𝑅𝑅𝑒𝑒𝑖𝑖𝑖𝑖 is any point on the rims of the 
yield zones. Moreover, the article discussed two different cases of remotely applied stress. 
Firstly, when the infinite boundary is subjected to a uniform stress distribution as shown in Fig. 3 
and second when remote stress reduces to tension 𝑝𝑝 making an angle 𝜉𝜉 with positive 𝑥𝑥 −axis, 
shown in Fig. 4. 

 
3. Solution of the circular-arc-crack problem 
The solution of the problem discussed in section 2 for multiple interacting circular-arc cracks is 
obtained by dividing the problem into two different sub-problems, namely, opening case and 
closing case and denoted by subproblem-A and subproblem-B respectively. These subproblems 
are solved separately, and the solution of the main problem is then obtained by superposing the 
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solutions of them. 
Subproblem-A and its solution. The problem discussed in this section is related to the 

case of opening of circular-arc cracks due to remotely applied stresses at the infinite boundary of 
the plate. These cracks are assumed to be open in mode-I type deformation. Two different types 
of stress profiles were used to analyze the opening of the cracks theoretically. These cases of two 
different stress profiles, as shown in Fig. 3 and Fig. 4, are discussed here. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Fig. 3. Configuration of the Sub-problem A: uniform stress distribution 𝜎𝜎∞ 

 
Case-I: uniform tensile stress distribution. Consider the boundary of the plate is subjected 

to uniform remotely applied stress distribution, as shown in Fig. 3. Four circular arc cracks, 
weaken the plate, open in mode-I type deformation. In this case, the boundary conditions are: 

    1.  Remote stresses are distributed equally in all directions (𝜎𝜎𝑟𝑟𝑟𝑟± = 𝜎𝜎∞).  
    2.  Rotation vanishes at the infinite boundary of the plate.  
    3.  Body forces are absent.  
    4.  Displacement components are single-valued throughout the plate.  

Using the above boundary conditions and the mathematical formulation given in Appendix-
A the complex potential function for the opening case of the problem is,  

Φ𝐴𝐴
𝑚𝑚(𝑧𝑧) =

𝜎𝜎∞
2(2 − 𝐻𝐻2) �1 − 𝐻𝐻2 +

𝑧𝑧2 + 𝑅𝑅2(1 − 2𝐻𝐻2)
𝑋𝑋(𝑧𝑧)

�, (1) 

where 𝐻𝐻2 = 𝐸𝐸(𝑘𝑘)/𝐹𝐹(𝑘𝑘) and 𝐹𝐹(𝑘𝑘), 𝐸𝐸(𝑘𝑘) are complete elliptical integral of first and second kind 
respectively as defined by Byrd [23], 𝑘𝑘 = sin𝛼𝛼. The superscript m indicates that the function 
refers to the stress profile shown in Fig. 3. 

Stress intensity factor at the crack tip 𝑎𝑎 = 𝑅𝑅𝑒𝑒𝑖𝑖𝑖𝑖 for opening mode may be calculated by 
substituting Φ𝐴𝐴

𝑚𝑚(𝑧𝑧) from equation (1) into (41),  

(𝐾𝐾𝐴𝐴𝑚𝑚)𝐼𝐼 =
𝜎𝜎∞√𝑅𝑅𝑅𝑅
2 − 𝐻𝐻2 �𝐻𝐻

2√tan𝛼𝛼 − 𝑖𝑖(1 − 𝐻𝐻2)√cot𝛼𝛼�, 
(2) 
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here subscript I refer to the mode-I (opening mode) type of deformation. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

Fig. 4. Configuration of the Sub-problem A: stresses acting at an angle 𝜉𝜉 to the 𝑜𝑜𝑜𝑜-axis 
 

Case-II: tensile stress distribution at a point. In this section, the case when applied remote 
stress reduces to a tension 𝒑𝒑 acting in the direction, making an angle 𝝃𝝃 with 𝒐𝒐𝒐𝒐-axis as depicted 
in Fig. 4 will be discussed. In view of that, the boundary conditions of the problem are as follows, 

1. Remote stresses 𝜎𝜎𝑟𝑟𝑟𝑟± = 𝜎𝜎∞, 𝜎𝜎𝑟𝑟𝑟𝑟
± = 0 are applied in a direction making an angle 𝜉𝜉 with ox-axis. 

2. The rims of the cracks are stress-free.  
3. Body forces are absent.  
4. Displacement components are single-valued throughout the plate.  

The complex potential function is then obtained under the boundary conditions and 
mathematical formulation given in Appendix-A yields the following  

Φ𝐴𝐴
𝑛𝑛(𝑧𝑧) =

𝜎𝜎∞
8
��
𝑧𝑧2 + 𝑅𝑅2(1 − 2𝐻𝐻2)

𝑋𝑋(𝑧𝑧) − 1�𝑄𝑄2 −
2𝑅𝑅2𝑒𝑒2𝑖𝑖𝑖𝑖

𝑧𝑧2
�
𝑅𝑅2

𝑋𝑋(𝑧𝑧)
+ 1�� 

(3) 

where 

𝑄𝑄2 =
2 + cos2𝜉𝜉cos2𝛼𝛼

2 − 𝐻𝐻2 − 𝑖𝑖
sin2𝜉𝜉cos2𝛼𝛼

𝐻𝐻2 , 
superscript n refers to the stress profile shown in Fig. 4. 

The state of stresses in the crack tip 𝑧𝑧 = 𝑅𝑅𝑒𝑒𝑖𝑖𝑖𝑖 may be obtained using equations (3) and (41) 
as  
(𝐾𝐾𝐴𝐴𝑛𝑛)𝐼𝐼 = 𝐾𝐾1 − 𝑖𝑖𝐾𝐾2 (4) 
where,  
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𝐾𝐾1 =
𝜎𝜎∞
2 √𝑅𝑅𝑅𝑅 tan𝛼𝛼  �

𝐻𝐻2

2 − 𝐻𝐻2 + cos2𝜉𝜉 �2 + cos2𝛼𝛼 −
2(1 + sin2𝛼𝛼)

2 − 𝐻𝐻2 �

+ sin2𝜉𝜉 cot𝛼𝛼 �1 + sin2𝛼𝛼 −
cos2𝛼𝛼
𝐻𝐻2 ��, 

𝐾𝐾2 =
𝜎𝜎∞
2 √𝑅𝑅𝑅𝑅 cot𝛼𝛼 �

1 − 𝐻𝐻2

2 − 𝐻𝐻2 − cos2𝜉𝜉 �cos2𝛼𝛼 −
1 + sin2𝛼𝛼

2 − 𝐻𝐻2 � − sin2𝜉𝜉 sin𝛼𝛼 cos𝛼𝛼�. 

 
Subproblem-B and its solution. The study of variable pressure arresting of arc cracks, in 

an infinite isotropic plate, is the main objective of subproblem-B. Presence of these cracks 
𝐋𝐋𝐢𝐢(𝐢𝐢 = 𝟏𝟏,𝟐𝟐,𝟑𝟑,𝟒𝟒) with unified yield zones (𝚪𝚪𝐣𝐣, 𝐣𝐣 = 𝟏𝟏,𝟐𝟐, … ,𝟔𝟔) influence the strength of the plate. 
Variable stress distribution applied over the rims of the developed yield zones seized the opening 
of cracks. Two different stress profiles of closing stresses are discussed in this section. 

    1.  Yield stresses are distributed in the form of 𝜎𝜎𝑟𝑟𝑟𝑟 = sin𝜃𝜃𝜃𝜃𝑦𝑦𝑦𝑦, as shown in Fig. 5.  
    2.  Yield stresses are distributed in the form of 𝜎𝜎𝑟𝑟𝑟𝑟 = cos𝜃𝜃𝜃𝜃𝑦𝑦𝑦𝑦, as shown in Fig. 6.  

Case of 𝝈𝝈𝒓𝒓𝒓𝒓 = 𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝝈𝝈𝒚𝒚𝒚𝒚. The yield zones, developed at each crack tip of four circular arc 
cracks with unified yield zones, are subjected to a variable stress distribution 𝝈𝝈𝒓𝒓𝒓𝒓 = 𝐬𝐬𝐬𝐬𝐬𝐬𝜽𝜽𝜽𝜽𝒚𝒚𝒚𝒚 as 
shown in Fig. 5. To arrest the further opening of these cracks. Therefore, the boundary conditions 
for this case are as follows:  

1.  Rims of yield zones are subjected to 𝜎𝜎𝑟𝑟𝑟𝑟 = sin𝜃𝜃𝜎𝜎𝑦𝑦𝑦𝑦.  
2.  Boundary of the plate is stress-free.  
3.  Body forces are absent.  
4.  Displacement components are single-valued throughout the plate.  

Using methodology is given in Appendix-A and above boundary conditions, the complex 
potential function for this case is  

Φ𝐵𝐵1(𝑧𝑧) =
𝜎𝜎𝑦𝑦𝑦𝑦

2𝜋𝜋𝜋𝜋𝜋𝜋(𝑧𝑧)
�  
Γ

𝑋𝑋(𝑡𝑡)sin𝜃𝜃
𝑡𝑡 − 𝑧𝑧

𝑑𝑑𝑑𝑑 +
1

2𝑋𝑋(𝑧𝑧)
{𝐶𝐶0𝑧𝑧2 + 𝐶𝐶2} +

𝐷𝐷0
2

, 
(5) 

where 𝐶𝐶0 , 𝐶𝐶2  and 𝐷𝐷0  are the constants to be determined using the boundary conditions, and 
𝑋𝑋(𝑧𝑧) = √𝑧𝑧2 − 𝑅𝑅2𝑒𝑒2𝑖𝑖𝑖𝑖√𝑧𝑧2 − 𝑅𝑅2𝑒𝑒−2𝑖𝑖𝑖𝑖, �Γ = ⋃  6

𝑗𝑗=1 Γ𝑗𝑗�, Γ𝑗𝑗 denotes the yield zones. 

Integral on the right-hand side of the equation (5) is solved by substituting sin𝜃𝜃 = 𝑡𝑡−𝑡𝑡
2𝑖𝑖

 and 
𝑡𝑡𝑡𝑡 = 𝑅𝑅2. Thus,  

�  
Γ

𝑋𝑋(𝑡𝑡)sin𝜃𝜃
𝑡𝑡 − 𝑧𝑧

𝑑𝑑𝑑𝑑 

= −
1
𝑎𝑎
�𝑆𝑆1 + �𝑧𝑧2 − 𝑅𝑅2(1 + 2cos2𝛼𝛼)�𝑆𝑆2 + �𝑧𝑧4 − 𝑅𝑅2(𝑧𝑧2 − 𝑅𝑅2)(1 + 2cos2𝛼𝛼)�𝑆𝑆3

− (𝑧𝑧2 − 𝑏𝑏2)(𝑧𝑧2 − 𝑅𝑅2)𝑆𝑆4�. 

(6) 

where, 

𝑆𝑆1 =
𝑎𝑎4

3
�(𝑘𝑘2 − 1)𝑆𝑆3 − 2(𝑘𝑘2 − 2)

𝑆𝑆2
𝑎𝑎2

+ 𝑘𝑘2𝑆𝑆5�, 
𝑆𝑆2 = 𝑎𝑎2(𝐸𝐸(𝜃𝜃1,𝑘𝑘) − 𝐸𝐸(𝜃𝜃2,𝑘𝑘) + 𝐸𝐸(𝑘𝑘) − 𝐸𝐸(𝜃𝜃3,𝑘𝑘) + 𝐸𝐸(𝜃𝜃4, 𝑘𝑘)), 
𝑆𝑆3 = 𝐹𝐹(𝜃𝜃1,𝑘𝑘) − 𝐹𝐹(𝜃𝜃2, 𝑘𝑘) + 𝐹𝐹(𝑘𝑘) − 𝐹𝐹(𝜃𝜃3,𝑘𝑘) + 𝐹𝐹(𝜃𝜃4,𝑘𝑘), 
𝑆𝑆4 = Π(𝜃𝜃1,𝛼𝛼2,𝑘𝑘) − Π(𝜃𝜃2,𝛼𝛼2,𝑘𝑘) + Π�

𝜋𝜋
2

,𝛼𝛼2,𝑘𝑘� − Π(𝜃𝜃3,𝛼𝛼2,𝑘𝑘) + Π(𝜃𝜃4,𝛼𝛼2,𝑘𝑘)), 
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𝑆𝑆5 = sin𝜃𝜃1cos𝜃𝜃1�1 − 𝑘𝑘2sin2𝜃𝜃1 − sin𝜃𝜃2cos𝜃𝜃2�1 − 𝑘𝑘2sin2𝜃𝜃2 − sin𝜃𝜃3cos𝜃𝜃3�1 − 𝑘𝑘2sin2𝜃𝜃3
+ sin𝜃𝜃4cos𝜃𝜃4�1 − 𝑘𝑘2sin2𝜃𝜃4, 

𝜃𝜃1 = � 𝑒𝑒2𝑖𝑖𝑖𝑖 − 𝑒𝑒2𝑖𝑖𝑖𝑖

𝑒𝑒2𝑖𝑖𝑖𝑖 − 𝑒𝑒−2𝑖𝑖𝑖𝑖
,𝜃𝜃2 = �𝑒𝑒

2𝑖𝑖𝑖𝑖 − 𝑒𝑒−2𝑖𝑖𝑖𝑖

𝑒𝑒2𝑖𝑖𝑖𝑖 − 𝑒𝑒−2𝑖𝑖𝑖𝑖
,𝜃𝜃3 = � 𝑒𝑒2𝑖𝑖𝑖𝑖 − 𝑒𝑒2𝑖𝑖𝑖𝑖

𝑒𝑒2𝑖𝑖𝑖𝑖 − 𝑒𝑒−2𝑖𝑖𝑖𝑖
,𝜃𝜃4 = �𝑒𝑒

2𝑖𝑖𝑖𝑖 − 𝑒𝑒−2𝑖𝑖𝑖𝑖

𝑒𝑒2𝑖𝑖𝑖𝑖 − 𝑒𝑒−2𝑖𝑖𝑖𝑖
,     

𝛼𝛼2(𝑧𝑧) =
𝑎𝑎2 − 𝑏𝑏2

𝑎𝑎2 − 𝑧𝑧2
,𝑘𝑘2 = 1 − 𝑒𝑒−4𝑖𝑖𝑖𝑖. 

 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 

Fig. 5. Configuration of the closing case for sin𝜃𝜃𝜎𝜎𝑦𝑦𝑦𝑦 loading 
  

Constants given in equation (5) are obtained using the condition of single valuedness of 
displacement and loading conditions of the problem  

𝐶𝐶0 =
𝜎𝜎𝑦𝑦𝑦𝑦

𝑖𝑖𝑖𝑖𝑖𝑖(3 − cos2𝛼𝛼) �
𝑆𝑆1
𝑅𝑅2

− 2cos2𝛼𝛼𝑆𝑆2 + 𝑅𝑅2cos2𝛼𝛼𝑆𝑆3 − 𝑏𝑏2(𝑆𝑆4 − 𝑆𝑆4) + 2𝑅𝑅2sin2𝛼𝛼𝑆𝑆4

+ 2𝐺𝐺1 − 𝐺𝐺3 − 𝐺𝐺4𝑆𝑆4 + 𝐺𝐺2(𝑆𝑆4 + 𝑆𝑆4)� =
𝜎𝜎𝑦𝑦𝑦𝑦
𝑖𝑖𝑖𝑖𝑖𝑖

𝐶𝐶00, (7) 

𝐶𝐶2 =
𝑅𝑅2𝜎𝜎𝑦𝑦𝑦𝑦
𝑖𝑖𝑖𝑖𝑖𝑖

(𝐺𝐺3 + 𝐺𝐺4𝑆𝑆4) − 𝐶𝐶0𝑅𝑅2cos2𝛼𝛼 =
𝑅𝑅2𝜎𝜎𝑦𝑦𝑦𝑦
𝑖𝑖𝑖𝑖𝑖𝑖

𝐶𝐶22, (8) 

𝐷𝐷0 =
𝜎𝜎𝑦𝑦𝑦𝑦
𝑖𝑖𝑖𝑖𝑖𝑖

(𝐺𝐺1 + 𝐺𝐺2𝑆𝑆4) − 𝐶𝐶0, (9) 

𝐺𝐺1 = 𝑆𝑆2 − 2𝑅𝑅2cos2𝛼𝛼𝑆𝑆3, (10) 

𝐺𝐺2 = 2𝑅𝑅2sin2𝛼𝛼 + 𝑏𝑏2, (11) 

𝐺𝐺3 =
𝑆𝑆1
𝑅𝑅2

− 2cos2𝛼𝛼𝑆𝑆2 +
𝑅𝑅2

4
(1 + 4cos2𝛼𝛼 − cos4𝛼𝛼)𝑆𝑆3, (12) 

𝐺𝐺4 =
𝑅𝑅2

2
(3sin22𝛼𝛼 − 4sin2𝛼𝛼(1 + 𝑒𝑒−2𝑖𝑖𝑖𝑖)). (13) 

Hence, substituting equations (6 – 13) into the equation (5), one gets the closed-form of the 
complex potential function for this case,  
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Φ𝐵𝐵1(𝑧𝑧) = −
𝜎𝜎𝑦𝑦𝑦𝑦

2𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖(𝑧𝑧)
[𝑆𝑆1 + (𝑧𝑧2 − 𝑅𝑅2(1 + 2cos2𝛼𝛼))𝑆𝑆2 + (𝑧𝑧4 − 𝑅𝑅2(𝑧𝑧2 − 𝑅𝑅2)(1

+ 2cos2𝛼𝛼))𝑆𝑆3 − (𝑧𝑧4 − 𝑧𝑧2𝑅𝑅2 − 𝑏𝑏2(𝑧𝑧2 − 𝑅𝑅2))𝑆𝑆4] +
𝐶𝐶0𝑧𝑧2 + 𝐶𝐶2

2𝑋𝑋(𝑧𝑧)
+
𝐷𝐷0
2

. 

(14) 

The stress intensity factor is obtained by putting the value of Φ𝐵𝐵1(𝑧𝑧) from equation (14) 
into the equation (41) and can be written as,  

𝐾𝐾𝐵𝐵1
𝐼𝐼 =

𝜎𝜎𝑦𝑦𝑦𝑦√𝑅𝑅
𝑎𝑎𝑒𝑒𝑖𝑖𝑖𝑖√2𝜋𝜋sin2𝛼𝛼

�
𝑆𝑆1
𝑅𝑅2

− (1 + 𝑒𝑒−2𝑖𝑖𝑖𝑖)𝑆𝑆2 + 𝑅𝑅2𝑒𝑒−2𝑖𝑖𝑖𝑖𝑆𝑆3 − 𝑅𝑅2(𝑒𝑒4𝑖𝑖𝑖𝑖 − 1 − 2𝑖𝑖sin2𝛼𝛼)𝑆𝑆4

− 𝐶𝐶00𝑒𝑒2𝑖𝑖𝑖𝑖 − 𝐶𝐶22�. 
(15) 

Case of 𝝈𝝈𝒓𝒓𝒓𝒓 = 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒚𝒚𝒚𝒚 . In this case, rims of the yield zone are subjected to stress 
distribution 𝝈𝝈𝒓𝒓𝒓𝒓 = 𝐜𝐜𝐜𝐜𝐜𝐜𝜽𝜽𝝈𝝈𝒚𝒚𝒚𝒚 and 𝝈𝝈𝒓𝒓𝒓𝒓=0. Pictorial representation for this case is given in Fig. 6.  

The complex potential functions for the case, when variable stress cos𝜃𝜃𝜃𝜃𝑦𝑦𝑦𝑦 is distributed 
over the rims of yield zones, may be written as  

Φ𝐵𝐵2(𝑧𝑧) =
𝜎𝜎𝑦𝑦𝑦𝑦

2𝜋𝜋𝜋𝜋𝜋𝜋(𝑧𝑧)�  
Γ

cos𝜃𝜃𝜃𝜃(𝑡𝑡)
𝑡𝑡 − 𝑧𝑧

𝑑𝑑𝑑𝑑 +
1

2𝑋𝑋(𝑧𝑧)
{𝐶𝐶0𝑧𝑧2 + 𝐶𝐶2} +

𝐷𝐷0
2

, 
(16) 

where 𝐶𝐶0, 𝐶𝐶2 and 𝐷𝐷0 are the constants and subscript 𝐵𝐵2 refers to the case of compressing stress 
profile cos𝜃𝜃𝜃𝜃𝑦𝑦𝑦𝑦. 

Using well-known relation 2 cos 𝜃𝜃 = 𝑡𝑡 + 𝑡𝑡. The integral given in equation (16) may be 
written as,  

�  
Γ

𝑋𝑋(𝑡𝑡)cos𝜃𝜃
𝑡𝑡 − 𝑧𝑧

𝑑𝑑𝑑𝑑 

= −
𝑖𝑖
𝑎𝑎

[𝑆𝑆1 + (𝑧𝑧2 + 𝑅𝑅2(1 − 2cos2𝛼𝛼))𝑆𝑆2 + (𝑧𝑧4 + 𝑅𝑅2(𝑧𝑧2 + 𝑅𝑅2)(1 − 2cos2𝛼𝛼))𝑆𝑆3 − (𝑧𝑧2

− 𝑏𝑏2)(𝑧𝑧2 + 𝑅𝑅2)𝑆𝑆4]. (17) 
Constants 𝐶𝐶0 , 𝐶𝐶2  and 𝐷𝐷0  given in equation (16) are obtained using the above boundary 

conditions,  

𝐷𝐷0 =
𝜎𝜎𝑦𝑦𝑦𝑦
𝑎𝑎𝑎𝑎

(𝐻𝐻1 + 𝐻𝐻2𝑆𝑆4) − 𝐶𝐶0, (18) 

𝐶𝐶2 =
𝑅𝑅2𝜎𝜎𝑦𝑦𝑦𝑦
𝑎𝑎𝑎𝑎

(𝐻𝐻3 + 𝐻𝐻4𝑆𝑆4) − 𝐶𝐶0𝑅𝑅2cos2𝛼𝛼 =
𝑅𝑅2𝜎𝜎𝑦𝑦𝑦𝑦
𝑖𝑖𝑖𝑖𝑖𝑖

𝐶𝐶33, (19) 

𝐶𝐶0 =
𝜎𝜎𝑦𝑦𝑦𝑦

𝑎𝑎𝑎𝑎(3 − cos2𝛼𝛼) �
𝑆𝑆1
𝑅𝑅2

+ 4sin2𝛼𝛼𝑆𝑆2 + 𝑅𝑅2(2 − 3cos2𝛼𝛼)𝑆𝑆3 + 𝑏𝑏2�𝑆𝑆4 + 𝑆𝑆4�

− 2𝑅𝑅2cos2𝛼𝛼𝑆𝑆4 + 2𝐻𝐻1 − 𝐻𝐻3 − 𝐻𝐻4𝑆𝑆4 + 𝐻𝐻2�𝑆𝑆4 + 𝑆𝑆4�� =
𝜎𝜎𝑦𝑦𝑦𝑦
𝑖𝑖𝑖𝑖𝑖𝑖

𝐶𝐶44, 
(20) 

𝐻𝐻1 = 𝑆𝑆2 + 2𝑅𝑅2sin2𝛼𝛼𝑆𝑆3, (21) 

𝐻𝐻2 = −2𝑅𝑅2cos2𝛼𝛼 + 𝑏𝑏2, (22) 

𝐻𝐻3 =
𝑆𝑆1
𝑅𝑅2

+ 2sin2𝛼𝛼𝑆𝑆2 −
𝑅𝑅2

2
(2cos2𝛼𝛼 − sin22𝛼𝛼)𝑆𝑆3, (23) 
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Fig. 6. Configuration of the closing case for cos𝜃𝜃𝜃𝜃𝑦𝑦𝑦𝑦 loading 

 
Thus, the final expression of the complex potential function for this case is then obtained 

by putting equations (17 – 24) in equation (16),  

Φ𝐵𝐵2(𝑧𝑧) = −
𝜎𝜎𝑦𝑦𝑦𝑦

2𝑎𝑎𝑎𝑎𝑎𝑎(𝑧𝑧)
[𝑆𝑆1 + (𝑧𝑧2 + 𝑅𝑅2(1− 2cos2𝛼𝛼))𝑆𝑆2 + (𝑧𝑧4 + 𝑅𝑅2(𝑧𝑧2 + 𝑅𝑅2)(1

− 2cos2𝛼𝛼))𝑆𝑆3 − (𝑧𝑧4 + 𝑧𝑧2𝑅𝑅2 − 𝑏𝑏2(𝑧𝑧2 + 𝑅𝑅2))𝑆𝑆4]   +
𝐶𝐶0𝑧𝑧2 + 𝐶𝐶2

2𝑋𝑋(𝑧𝑧)
+
𝐷𝐷0
2

. (25) 
The state of stress in the crack tip 𝑎𝑎 = 𝑅𝑅𝑒𝑒𝑖𝑖𝑖𝑖  for the present case may be obtained on 

inserting the value of Φ𝐵𝐵(𝑧𝑧) from equation (25) in equation (41) as,  

𝐾𝐾𝐵𝐵2
𝐼𝐼 =

𝜎𝜎𝑦𝑦𝑦𝑦√𝑅𝑅
𝑎𝑎𝑎𝑎𝑒𝑒𝑖𝑖𝑖𝑖√2𝜋𝜋sin2𝛼𝛼

�
𝑆𝑆1
𝑅𝑅2

+ (1 − 𝑒𝑒−2𝑖𝑖𝑖𝑖)𝑆𝑆2 − 𝑅𝑅2𝑒𝑒−2𝑖𝑖𝑖𝑖𝑆𝑆3 − 𝑅𝑅2�𝑒𝑒4𝑖𝑖𝑖𝑖 − 1 + 2𝑖𝑖 sin 2𝛼𝛼�𝑆𝑆4

− 𝐶𝐶44𝑒𝑒2𝑖𝑖𝑖𝑖 − 𝐶𝐶33�. (26) 
 
4. Numerical Study 
A numerical study is carried out in this section to study the efficiency and accuracy of the 
analytical results obtained in the previous sections for various stress profiles. Analytical and 
numerical results for yield zone length have been acquired by superposing the solutions of two 
sub-problems, Subproblem-A (opening case) and Subproblem-B (closing case). 

Case of 𝐬𝐬𝐬𝐬𝐬𝐬𝜽𝜽𝜽𝜽𝒚𝒚𝒚𝒚. The length of yield zones at the crack tip, 𝒂𝒂, due to the stress distribution 
𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝛔𝛔𝐲𝐲𝐲𝐲 is obtained by ensuring the Dugdale hypothesis that the stresses remain finite in the 
vicinity of the crack. Which is governed by the equation, (𝑲𝑲𝑨𝑨

𝒎𝒎)𝑰𝑰 = 𝑲𝑲𝑩𝑩𝟏𝟏
𝑰𝑰  and (𝑲𝑲𝑨𝑨

𝒏𝒏)𝑰𝑰 = 𝑲𝑲𝑩𝑩𝟏𝟏
𝑰𝑰 . Thus, 

using equations (2), (4) and (15) one can obtain two non-linear equations corresponding to two 
different stress profiles discussed in section 3.1 as, 
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�1 − 2𝐻𝐻2 + 𝑒𝑒2𝑖𝑖𝑖𝑖� �
𝜎𝜎∞
𝜎𝜎𝑦𝑦𝑦𝑦

�
𝑚𝑚

 

= −
2 − 𝐻𝐻2

𝑎𝑎𝑎𝑎
�
𝑆𝑆1
𝑅𝑅2

− �1 + 𝑒𝑒−2𝑖𝑖𝑖𝑖�𝑆𝑆2 + 𝑅𝑅2𝑆𝑆3𝑒𝑒−2𝑖𝑖𝑖𝑖 − 𝑅𝑅2�𝑒𝑒4𝑖𝑖𝑖𝑖 − 1 − 2𝑖𝑖sin2𝛼𝛼�𝑆𝑆4 − 𝐶𝐶00𝑒𝑒2𝑖𝑖𝑖𝑖

− 𝐶𝐶22�, (27) 

��1 + 𝑒𝑒2𝑖𝑖𝑖𝑖 − 2𝐻𝐻2� �
2 + cos2𝜉𝜉cos2𝛼𝛼

2 − 𝐻𝐻2 − 𝑖𝑖
sin2𝜉𝜉cos2𝛼𝛼

𝐻𝐻2 � −
2𝑒𝑒2𝑖𝑖𝑖𝑖

𝑒𝑒2𝑖𝑖𝑖𝑖
��

𝜎𝜎∞
𝜎𝜎𝑦𝑦𝑦𝑦

�
n

 

= −
4(2 − 𝐻𝐻2)

𝑎𝑎𝑎𝑎
�
𝑆𝑆1
𝑅𝑅2

− (1 + 𝑒𝑒−2𝑖𝑖𝑖𝑖)𝑆𝑆2 + 𝑅𝑅2𝑒𝑒−2𝑖𝑖𝑖𝑖𝑆𝑆3 − 𝑅𝑅2(𝑒𝑒4𝑖𝑖𝑖𝑖 − 1 − 2𝑖𝑖sin2𝛼𝛼)𝑆𝑆4

− 𝐶𝐶00𝑒𝑒2𝑖𝑖𝑖𝑖 − 𝐶𝐶22�. (28) 
It is almost impossible to solve the non-linear equations (27) and (28) in terms of yield 

zone length. However, normalized yield zone length at each crack tip is evaluated numerically 
against the applied load ratio 𝜎𝜎∞

𝜎𝜎𝑦𝑦𝑦𝑦
 for each stress profile and reported graphically. 

 

 
Fig. 7. 𝜎𝜎∞

𝜎𝜎𝑦𝑦𝑦𝑦
 versus 𝛼𝛼−𝛽𝛽

𝛽𝛽−𝛾𝛾
 for the case of sin𝜃𝜃𝜎𝜎𝑦𝑦𝑦𝑦 at different crack radius 
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Fig. 8.  𝜎𝜎∞

𝜎𝜎𝑦𝑦𝑦𝑦
 versus 𝛼𝛼−𝛽𝛽

𝛽𝛽−𝛾𝛾
 for the case of sin𝜃𝜃𝜎𝜎𝑦𝑦𝑦𝑦 at different crack length 

 
Figure 7 shows the behavior of normalized yield zone length, 𝑅𝑅(𝛼𝛼−𝛽𝛽)

𝑅𝑅(𝛽𝛽−𝛾𝛾)
, with respect to 

change in applied load ratio on the increasing radius of the circle (on which cracks lie). 
Increasing radius means an increase in inter crack distance. In the case of 𝑅𝑅 = 2 (angle 𝛾𝛾 is very 
small) plate shows a low bearing capacity vis a vis 𝑅𝑅 = 5 (𝛾𝛾 is much larger) and much more 
significant in case of stress distribution act at an angle 𝜉𝜉. Further, it may be noted that the load 
applied at the boundary of the plate is significantly different in both the stress profiles. Hence, the 
plate under stress distribution act at an angle 𝜉𝜉 be considered in a much safer position in the 
presence of the cracks as compared to the case of uniform stress distribution. 

The same variation has been plotted in Fig. 8. for different crack length 𝑅𝑅(𝛽𝛽 − 𝛾𝛾), means 
increasing crack length. It has been observed that as the crack length increases, the load-bearing 
capacity of the plate decreases, which means that bigger cracks are more dangerous for the safe 
operation of the structures. In other words, the figure shows that the length of the plastically 
deformed region is more at each tip of bigger cracks as compared to the smaller ones for the fixed 

load required ratio �𝜎𝜎∞
𝜎𝜎𝑦𝑦𝑦𝑦

= 0.1, 𝑠𝑠𝑠𝑠𝑠𝑠�.   

The effect of increasing angle of point stress applied at the boundary of the plate, in the 
case of four circular-arc cracks, is given in Fig. 9. It is found that as the angle 𝜉𝜉  of stress 
distribution is increased, the residual strength of the plate also increases. 
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Fig. 9. 𝜎𝜎∞
𝜎𝜎𝑦𝑦𝑦𝑦

 versus 𝛼𝛼−𝛽𝛽
𝛽𝛽−𝛾𝛾

 for sin𝜃𝜃𝜎𝜎𝑦𝑦𝑦𝑦 at different angles 𝜉𝜉 

 
Case of 𝐜𝐜𝐜𝐜𝐜𝐜𝜽𝜽𝝈𝝈𝒚𝒚𝒚𝒚. The length of developed yield enclaves for the case when yield stress 

distribution acting on the yield zones is varying as 𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝛔𝛔𝐲𝐲𝐲𝐲 obtained in this section using the 
Dugdale hypothesis. Therefore, using equations (2), (4), and (26), one can get two non-linear 
equations corresponding to two different types of remote stress profiles in terms of applied and 
yield stress. These equations are  

�1 − 2𝐻𝐻2 + 𝑒𝑒2𝑖𝑖𝑖𝑖� �
𝜎𝜎∞
𝜎𝜎𝑦𝑦𝑦𝑦

�
𝑚𝑚

 

= −
2 − 𝐻𝐻2

𝑖𝑖𝑖𝑖𝑖𝑖
�
𝑆𝑆1
𝑅𝑅2

+ �1 − 𝑒𝑒−2𝑖𝑖𝑖𝑖�𝑆𝑆2 − 𝑅𝑅2𝑒𝑒−2𝑖𝑖𝑖𝑖𝑆𝑆3 − 𝑅𝑅2�𝑒𝑒4𝑖𝑖𝑖𝑖 − 1 + 2𝑖𝑖sin2𝛼𝛼�𝑆𝑆4 − 𝐶𝐶44𝑒𝑒2𝑖𝑖𝑖𝑖

− 𝐶𝐶33�, (29) 

�1 + 𝑒𝑒2𝑖𝑖𝑖𝑖 − 2𝐻𝐻2� �
2 + cos2𝜉𝜉cos2𝛼𝛼

2 − 𝐻𝐻2 − 𝑖𝑖
sin2𝜉𝜉cos2𝛼𝛼

𝐻𝐻2 ) −
2𝑒𝑒2𝑖𝑖𝑖𝑖

𝑒𝑒2𝑖𝑖𝑖𝑖
� �

𝜎𝜎∞
𝜎𝜎𝑦𝑦𝑦𝑦

�
𝑛𝑛

 

= −
4(2 − 𝐻𝐻2)

𝑖𝑖𝑖𝑖𝑖𝑖
�
𝑆𝑆1
𝑅𝑅2

+ (1 − 𝑒𝑒−2𝑖𝑖𝑖𝑖)𝑆𝑆2 − 𝑅𝑅2𝑒𝑒−2𝑖𝑖𝑖𝑖𝑆𝑆3 − 𝑅𝑅2(𝑒𝑒4𝑖𝑖𝑖𝑖 − 1 + 2𝑖𝑖sin2𝛼𝛼)𝑆𝑆4

− 𝐶𝐶44𝑒𝑒2𝑖𝑖𝑖𝑖 − 𝐶𝐶33�. (30) 
Yield zone length developed at the crack tip, 𝑎𝑎, may be calculated from equations (29) and 

(30) corresponding to two different stress profiles of remotely applied stresses. Yield zone length 
at crack tip 𝑎𝑎  is normalized with the corresponding crack length. In the following figures, 
normalised yield zone lengths are presented graphically with respect to the increasing values of 
the applied load ratio.  
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Fig. 10. 𝜎𝜎∞

𝜎𝜎𝑦𝑦𝑦𝑦
 versus 𝛼𝛼−𝛽𝛽

𝛽𝛽−𝛾𝛾
 for stress profile cos𝜃𝜃 𝜎𝜎𝑦𝑦𝑦𝑦 

 
Fig. 11. 𝜎𝜎∞

𝜎𝜎𝑦𝑦𝑦𝑦
 versus 𝛼𝛼−𝛽𝛽

𝛽𝛽−𝛾𝛾
 for stress profile cos𝜃𝜃 𝜎𝜎𝑦𝑦𝑦𝑦 

 
Figure 10 shows the variation of sizes of normalized yield zone length with increasing 

values of applied stresses at crack tip 𝑎𝑎 = 𝑅𝑅𝑒𝑒𝑖𝑖𝑖𝑖 for different crack radius. Solid lines show the 
case of uniform stress distribution, while dashed lines show the evidence of stress distribution act 
at an angle 𝜉𝜉. It has been observed from the figure that the length of the yield zone increases as 
the stress applied at the infinite boundary of the plate is increased. Therefore, the load-carrying 
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capacity of the plate is more in case of stress distribution act at an angle 𝜉𝜉 in comparison to the 
case of uniform remote stress distribution. 

Figure 11 shows the variation between applied load ratio with normalized yield zone length 
for increasing crack angles 𝛽𝛽. The load-carrying capacity of the plate becomes larger in case of 
the small cracks (𝛽𝛽 = 20∘) as compared to the big cracks (𝛽𝛽 = 30∘). Moreover, the less load-
bearing capacity of the plate is seen in the case of uniform stress distribution in comparison to the 
case of stress distribution act at an angle 𝜉𝜉. 

  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

 
Fig. 12. 𝜎𝜎∞

𝜎𝜎𝑦𝑦𝑦𝑦
 versus 𝛼𝛼−𝛽𝛽

𝛽𝛽−𝛾𝛾
 for different angles 𝜉𝜉 

  
Finally, variation has been plotted in Fig. 12 between yield zone length and applied load 

ratio at different angles 𝜉𝜉. It is observed that as the angle 𝜉𝜉 increases the load-bearing capacity of 
the plate will increases. 

 
5. Conclusions 
We considered the problem of multiple circular arc-cracks with coalesced yield zones. Analytical 
expressions for complex potential functions and stress intensity factors, for multiple circular-arc 
crack problems, were obtained for different types of mechanical loading conditions at the infinite 
boundary of the plate and variable yield stress distribution on the rims of yield zones. The 
analytical expressions for the opening-mode stress intensity factors given in equations (2), (4) are 
validated with the results provided by Tada [24]. The numerical study is carried out in the 
previous section to investigate the behaviour of yield zone length under variable loading 
conditions. It is seen that the yield zone length in the case of uniform stress distribution is larger 
as compared to point stress distribution. It is observed that as the angle of point stress distribution 
increases yield zone length decreases.  
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Appendix. A. Mathematical formulation for circular arc cracks 
This appendix is given to discuss the theory and methodology for solving the circular-arc crack 
problem as given by Muskhelishvili [20], Thomson [19] without any change. Here, the 
hypothetical thing is that n circular-arc cracks 𝐿𝐿𝑖𝑖  (𝑖𝑖 = 1,2,3, … ,𝑛𝑛) are appeared in an infinite 
isotropic elastic-perfectly plastic plate along with one and the same circle |𝑧𝑧| = 𝑅𝑅. 

In the two-dimensional theory of elasticity for isotropic plates, stresses (𝜎𝜎𝑟𝑟𝑟𝑟 ,𝜎𝜎𝜃𝜃𝜃𝜃,𝜎𝜎𝑟𝑟𝑟𝑟) are 
expressed in terms of two Muskhelishvili's complex potentials Φ(𝑧𝑧),Ψ(𝑧𝑧) as: 
𝜎𝜎𝑟𝑟𝑟𝑟 + 𝜎𝜎𝜃𝜃𝜃𝜃 = 2[Φ(𝑧𝑧) + Φ(𝑧𝑧)], (31) 

𝜎𝜎𝑟𝑟𝑟𝑟 + 𝑖𝑖𝜎𝜎𝑟𝑟𝑟𝑟 = Φ(𝑧𝑧) + Φ(𝑧𝑧) − 𝑧𝑧Φ′(𝑧𝑧) −
𝑧𝑧
𝑧𝑧
Ψ(𝑧𝑧). 

(32) 

Prime and bar over a function denote its first-order derivative and complex conjugate 
respectively. 

For the solution of circular-arc crack problems, instead of potential function Ψ(𝑧𝑧) a new 
complex potential function Ω(𝑧𝑧), related to Φ(𝑧𝑧) and Ψ(𝑧𝑧), may be introduced as,  

Ω(𝑧𝑧) = Φ�
𝑅𝑅2

𝑧𝑧
� −

𝑅𝑅2

𝑧𝑧
Φ′ �

𝑅𝑅2

𝑧𝑧
� −

𝑅𝑅2

𝑧𝑧2
Ψ�

𝑅𝑅2

𝑧𝑧
�. 

(33) 

Equation (32) is then re-written using equation (33) as  

𝜎𝜎𝑟𝑟𝑟𝑟 + 𝑖𝑖𝜎𝜎𝑟𝑟𝑟𝑟 = Φ(𝑧𝑧) + Ω�
𝑅𝑅2

𝑧𝑧
� + 𝑧𝑧 �

𝑧𝑧
𝑅𝑅2

−
1
𝑧𝑧
�Ψ(𝑧𝑧). 

(34) 

Under the assumption 

lim
𝑟𝑟→𝑅𝑅

�𝑒𝑒−𝑖𝑖𝑖𝑖 �
𝑟𝑟
𝑅𝑅2

−
1
𝑟𝑟
�Ψ(𝑧𝑧)� = 0, 

equation (34) may be converted into two subproblems of linear relationship, (since 𝑧𝑧𝑧𝑧 = 𝑟𝑟2)  
Φ+(𝑡𝑡) + Ω−(𝑡𝑡) = 𝜎𝜎𝑟𝑟𝑟𝑟+ + 𝑖𝑖𝜎𝜎𝑟𝑟𝑟𝑟+ ,    Φ−(𝑡𝑡) + Ω+(𝑡𝑡) = 𝜎𝜎𝑟𝑟𝑟𝑟− + 𝑖𝑖𝜎𝜎𝑟𝑟𝑟𝑟− , (35) 
where 𝑡𝑡 = 𝑅𝑅𝑒𝑒𝑖𝑖𝑖𝑖 be any point on 𝐿𝐿 = ⋃  𝑛𝑛

𝑖𝑖=1 𝐿𝐿𝑖𝑖, 𝜎𝜎𝑟𝑟𝑟𝑟± + 𝑖𝑖𝜎𝜎𝑟𝑟𝑟𝑟
±  represent stress components acting over 

the rims of the crack L and superscript (+) and (-) refers to the value of t from the inside (𝑟𝑟 < 𝑅𝑅) 
and from outside (𝑟𝑟 > 𝑅𝑅) of the circle on which cracks exist. 

Adding and subtracting the equations in Eq.(35), one gets  
[Φ(𝑡𝑡) + Ω(𝑡𝑡)]+ = 2𝑝𝑝(𝑡𝑡),    [Φ(𝑡𝑡) + Ω(𝑡𝑡)]− = 2𝑞𝑞(𝑡𝑡), (36) 
where  
2𝑝𝑝(𝑡𝑡) = (𝜎𝜎𝑟𝑟𝑟𝑟+ + 𝜎𝜎𝑟𝑟𝑟𝑟− ) + 𝑖𝑖(𝜎𝜎𝑟𝑟𝑟𝑟+ + 𝜎𝜎𝑟𝑟𝑟𝑟− ),    2𝑞𝑞(𝑡𝑡) = (𝜎𝜎𝑟𝑟𝑟𝑟+ − 𝜎𝜎𝑟𝑟𝑟𝑟− ) + 𝑖𝑖(𝜎𝜎𝑟𝑟𝑟𝑟+ − 𝜎𝜎𝑟𝑟𝑟𝑟− ). (37) 

In the absence of the body forces, the general solution of the boundary value problems 
expressed in Eq. (36) may be written directly from [20], as  

Φ(𝑧𝑧) = Φ0(𝑧𝑧) +
1

2𝑋𝑋(𝑧𝑧) �𝑃𝑃𝑛𝑛
(𝑧𝑧) +

𝐷𝐷1
𝑧𝑧

+
𝐷𝐷2
𝑧𝑧2
� +

𝐷𝐷0
2

+
Γ′

2𝑧𝑧2
, (38) 
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Ω(𝑧𝑧) = Ω0(𝑧𝑧) +
1

2𝑋𝑋(𝑧𝑧) �𝑃𝑃𝑛𝑛
(𝑧𝑧) +

𝐷𝐷1
𝑧𝑧

+
𝐷𝐷2
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, (39) 

where  
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1

2𝜋𝜋𝜋𝜋𝜋𝜋(𝑧𝑧)�  
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,     
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2𝜋𝜋𝜋𝜋𝜋𝜋(𝑧𝑧)
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−
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𝑡𝑡 − 𝑧𝑧

, 

𝑋𝑋(𝑧𝑧) = �  
𝑛𝑛

𝑘𝑘=1

�𝑧𝑧 − 𝑎𝑎𝑘𝑘�𝑧𝑧 − 𝑏𝑏𝑘𝑘,   

 𝑃𝑃𝑛𝑛(𝑧𝑧) = 𝐶𝐶0𝑧𝑧𝑛𝑛 + 𝐶𝐶1𝑧𝑧𝑛𝑛−1 + 𝐶𝐶2𝑧𝑧𝑛𝑛−2 + ⋯, 
  
𝑎𝑎𝑘𝑘, 𝑏𝑏𝑘𝑘 denotes the endpoints of 𝑘𝑘𝑡𝑡ℎ crack. 

Constants 𝐷𝐷𝑖𝑖(𝑖𝑖 = 0,1,2)  and polynomial 𝑃𝑃𝑛𝑛(𝑧𝑧)  are determined from the boundary 
conditions of the considered problem and the condition of single valuedness of displacement 
around the rims of the cracks or cuts,  

2(𝜅𝜅 + 1) �  
𝐿𝐿𝑖𝑖

𝑃𝑃𝑛𝑛(𝑧𝑧)
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+(𝑧𝑧) −Φ0

−(𝑧𝑧)]𝑑𝑑𝑑𝑑 + �  
𝐿𝐿𝑖𝑖

[Ω0+(𝑧𝑧) − Ω0−(𝑧𝑧)]𝑑𝑑𝑑𝑑 = 0. (40) 

Stress intensity factor for mode-I type deformation at each crack tip 𝑧𝑧 = 𝑎𝑎 and 𝑧𝑧 = 𝑏𝑏 may 
be calculated from the formulae given in [4],  

𝐾𝐾 = 𝐾𝐾1 − 𝑖𝑖𝐾𝐾2 = −2√2𝜋𝜋 lim
𝑧𝑧→𝑎𝑎

�(𝑧𝑧 − 𝑎𝑎)𝑒𝑒−𝑖𝑖�
𝜋𝜋
2+𝛼𝛼�Φ(𝑧𝑧), (41) 

𝐾𝐾 = 𝐾𝐾1 − 𝑖𝑖𝐾𝐾2 = 2√2𝜋𝜋 lim
𝑧𝑧→𝑏𝑏

�(𝑧𝑧 − 𝑏𝑏)𝑒𝑒−𝑖𝑖�
3𝜋𝜋
2 −𝛼𝛼�Φ(𝑧𝑧). (42) 

Mathematical formulations given in this appendix are taken from [19], [20], and [4] to 
make the paper easily understandable and self-sufficient. 

 
Appendix B. List of constants 
𝐷𝐷𝑖𝑖(𝑖𝑖 = 0,1,2),𝐶𝐶𝑖𝑖(𝑖𝑖 = 0,1,2)   constants of the problem. 
𝐸𝐸   Young's modulus. 
𝐹𝐹(𝜃𝜃,𝑘𝑘),𝐸𝐸(𝜃𝜃,𝑘𝑘),Π(𝜃𝜃,𝛼𝛼2, 𝑘𝑘)   incomplete elliptic integral of first, second and third kind, 

respectively. 
𝐹𝐹(𝑘𝑘),𝐸𝐸(𝑘𝑘)   complete elliptic integral of first, second kind, respectively. 
𝐿𝐿𝑖𝑖(𝑖𝑖 = 1,2,3,4)   circular-arc cracks. 
𝑃𝑃𝑛𝑛(𝑧𝑧)   polynomial of degree n. 
𝑝𝑝(𝑡𝑡),𝑞𝑞(𝑡𝑡)   applied stresses on the yield zones. 
𝑧𝑧 = 𝑟𝑟𝑒𝑒𝑖𝑖𝑖𝑖   complex variable. 
Γ′   −1

2
(𝑁𝑁1 − 𝑁𝑁2)𝑒𝑒−2𝑖𝑖𝑖𝑖,𝑁𝑁1  and 𝑁𝑁2  are the values of principal 

stresses at infinity, 𝛼𝛼 be the angle between 𝑁𝑁1 and the 𝑜𝑜𝑜𝑜-axis. 
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Γ𝑖𝑖(𝑖𝑖 = 1,2, . . . ,6)   developed plastic/ yield zones. 
Ω(𝑧𝑧) = 𝜔𝜔′(𝑧𝑧),Φ(𝑧𝑧) = 𝜙𝜙′(𝑧𝑧)   complex stress functions. 
𝛾𝛾   Poisson's ratio. 
𝜇𝜇   shear modulus. 
𝜅𝜅   = 3−𝛾𝛾

1+𝛾𝛾
 for the plane-stress, 

 = 3 − 4𝛾𝛾 for the plane-strain. 
𝜎𝜎𝑟𝑟𝑟𝑟 ,𝜎𝜎𝜃𝜃𝜃𝜃,𝜎𝜎𝑟𝑟𝑟𝑟   components of stress in polar coordinates. 
𝜎𝜎∞   remotely applied stress at infinite boundary of the plate. 
𝜎𝜎𝑦𝑦𝑦𝑦   yield stress of the plate. 
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