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Abstract. The conditions of symmetry of the common Mindlin types gradient theories of
elasticity, which characterize the specificity of these theories in comparison with the classical
theory of elasticity, are investigated. We discuss the symmetry conditions of the tensors of the
moduli of elasticity of the sixth rank under the permutation of the differentiation indices,
which are the consequence of the fact that the second derivatives of the displacement vector
do not depend on the order of differentiation. The gradient distortion model and strain
gradient model are considered, and the conditions for "variational equivalence” and the
differences between these theories from the point of view of symmetry are established. The
variational formulation of gradient elasticity of general form and the role of symmetry
conditions in the formulation of boundary conditions are investigated. It is shown that for the
correct formulation of applied boundary value problems, it is necessary to use the tensors of
the elastic moduli of the sixth rank symmetric with respect to the permutation of the last two
indices in each triple of indices, even if this symmetry is absent for formally constructed
versions of gradient theories.
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1. Introduction

It is known that in the classical linear elasticity, the Cauchy stress tensor ¢ is linearly related
to the infinitesimal strain tensor ¢ by equatione = Ce, where C is the fourth-rank tensor of
elastic constants. In the general triclinic case, tensorChas 21 independent materials
coefficients, whereas for isotropic materials this number reduces to 2. A more complicated
situation takes place for gradient elasticity theories. The contemporary theory of strain
gradient elasticity stems from the pioneering works of [1-3], and now it has been widely used
for describing the size effects and nonlocal behavior observed in semicrystalline and
nanostructures materials, geomaterials, biomaterials [4,5], for modeling the responses of small
size cantilever beams and plates, carbon nanotubes and metal nanowires [6-7] in developing
homogenization methods accounting for the second-order elastic effects [8,9], and also for
bridging atomistic and continuum level simulations [10].
http://dx.doi.org/10.18149/MPM.4762021_10
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In the (first) strain gradient elasticity, the Cauchy stress ¢ and double stress pin the

general case are linearly related to strain ¢ and its gradient Ve (for the definition and
physical meaning of tensors cand p, [11,12]. For gradient models of media, extremely many

physical independent constants in the general case describe the mechanical properties and this
makes it fundamentally impossible to use such models in applied problems. A very large
number of materials coefficients emphasizes the richness of the theory, but it also presents
obvious difficulties in extracting all those coefficients reliably from available experimental
and simulation data as well as in finding solutions for specific theoretical and engineering
problems.

Since the original papers by Mindlin and Toupin [1,2] on the general formulation of the
isotropic strain gradient elasticity theory, a number of simplified gradient theories have been
proposed, see, e.g., [3-8]. These simplified models have been developed assuming the reduced
form of the total strain energy density and corresponding form of the high-order constitutive
relations. The rational basis for the development of such simplified theories lies in using the
symmetry conditions for the tensors of the gradient elastic moduli [13,14] and also in the
possible orthogonal decomposition of the strain gradient tensor [15,16], such that some parts
of the high-order kinematics in the points of the continuum media can remain or can be
excluded. Obviously, the kinematic relations should be considered and implemented together
with the physical parameters of the gradient models. As a result, the number of additional
parameters in the simplified gradient theories can be reduced that may be important for the
experimental validation of the models. The corresponding discussion on physical models and
the correct variational formulation of these theories can be found in [17-22].

In this work, we continue to study the symmetry properties of the tensor of gradient
elastic moduli, begun in works [23,24]. We shall study the physical significance and
variational energy significance of the "order-of-differentiation” symmetry conditions in strain
gradient elasticity. This symmetry condition stems from the fact that in elasticity one can

interchange the order of differentiation in the componentsy; j of the second displacement

gradient tensor VVu, where u is the displacement vector. The energetic significance of this
symmetry condition was already discussed in Section 5 of the seminal work of [2] and the
recent works [23,24]. Free variational formulations have been commonly employed for
deriving the field equations of strain gradient elasticity. However, because of the auxiliary

conditionsU; j =U;j, one can evidently not handle the variations ou; j, as free, independent

variables. Nevertheless, free variational formulations have commonly been used [1,12]. It is
interesting and important to assess the variational significance of the order-of-differentiation
symmetry condition of strain gradient elasticity.

This work is structured as follows. First, all the symmetry properties of the tensors of
the elastic moduli of gradient theories, which are also characteristic of the classical theory of
elasticity and gradient elasticity, are investigated successively. The features of the "order-of-
differentiation” symmetry condition are defined. Then the structure of the gradient part of the
potential energy density and its variation, which determines the structure of the boundary non-
classical symmetry conditions, are considered. As a result, the question of whether it is
essential to take these conditions into account in the formulation of boundary conditions and
the formulation of mathematical models of media as a whole is decided. In the last section, we
discuss the physical implications of the symmetry conditions of strain gradient elasticity and
also formulate the results of our work which seem to us to be important for gradient elasticity
theories and applications.
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2. Symmetry conditions in strain gradient elasticity
The constitutive equations in the linear theory of elasticity are written in terms of the tensors
of stresses oj; and strains &;;
i = Cijé - 1)
For linear-gradient theory, the constitutive equations in linear gradient elasticity theory
in some three-dimensional Cartesian coordinate system can also be written in terms of
deformations [18,16]:
ij = Cijaéu * Bijméam aNd i = Biiikéim + AjimnEimn » (2)
where oy, €, Ui and &;;  are the components of tensors ¢, ¢, pand Ve.
On the other hand, the governing relations of gradient elasticity (2) can be written in
terms of displacements:
aij =Cijale, and i = AjimaUi mn - (3)
Consider the possible symmetry conditions. Since the issues discussed below are
important from the point of view of gradient theories, we will consistently set out all the
provisions concerning symmetry, even if they seem to be well known. Let us first consider
one of the basic, fundamental symmetry properties for tensors of elastic moduli in the

mechanics of media. The strain energy density U (s) of a homogeneous linear elastic material
is given by:
€
ouU

U(g)=|o:ds:, where o =——=C...;&, . 4

( ) '(l). ij ij ij agij ijkl <kl ( )

The tensor of elastic constants Cijkl in (4) can be restricted by assuming that U (s) is

independent of the integration path followed in the strain space, and hence by requiring:

oAU o
88k|88ij Ggijﬁé‘m

= Cjju =Cuij - (5)

Similarly, the strain-gradient energy density W(Vs) of linear elastic material is given
by:

Ve oW
W (Ve)= I Hijd&ij . where g, = e Ciikimn&imn »
0 Eij

and then, the tensor Cjjn, can also be restricted by assuming that W (Ve)is path-
independent, and hence by requiring:
W W
aglm,nagij,k agij,kaglm,n
Similar expressions can be written for the governing relations (3). Following (4)-(6) we
can conclude, that the components Ajymn , Bijam and Cjjq of the elastic stiffness tensors A, B
and C obey the potentiality:
Cis = Cuiij» Ajamn = Armniji - (7)
It is easy to show that for a tensor of the fifth rank, the symmetry associated with

potentiality does not impose any additional properties. Note one more property of the gradient
theory of deformations, which is related to the symmetry of the strain symmetry conditions:

Cijkl = Cijlk’ Bijklm = Bjiklm = Bijlkm’ Aijklmn = 'Aﬁjkmln : (8)

= Cijamn =Clmnijk - (6)
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For centrosymmetric materials (i.e., for those with point groups involving an inversion
center as one of their symmetry elements), the fifth-rank tensor B vanishes. As a result, the
number of independent material coefficients is reduced and the constitutive relations (4)
become uncoupled

oij = Ciwéea and L = Ajmn&imn - 9)
In what follows, for the sake of simplicity, we will study the symmetry properties of the

sixth rank tensor A and will consider only centrosymmetric materials. We assume that both
tensors C and A in (9) obey the conditions (7). Then the stresses ¢ and p also satisfy similar

symmetry conditions:
oij =0ji and gk = Hjik -
Substituting &; = (ui,j + uj‘i)/z into the governing relations (9), we find:
ij = CijaUcr and i = AjamnUi mn - (10)

Let us point out one more property of symmetry, which takes place only for the gradient
theory of elasticity. It is obvious that in expression (10) the tensor of the second third rank

U j Is symmetric with respect to the permutation of the indices of differentiation j, k,
U jk = Ui . Moreover, the requirement of this symmetry is a necessary and sufficient

condition for the existence of continuous first derivatives of the displacement vector, which,
by definition, are arguments of the potential energy density in the variational formulation of
gradient models. Therefore, such a requirement is fully justified. Otherwise, non-integrability

of U; j takes place, which corresponds to the kinematics of media with defect fields. Due to

this symmetry, which we will call the symmetry in the order of differentiation, only
symmetric components of the tensor of elastic moduli of the sixth rank in the last pair of
indices in the first and second triples of indices can be present in the constitutive equation for

the tensor of the third rank £, :
Aﬁ?klmn : Aﬁjklmn = Aikjlmn' Aijklmn = Aikjlnm . (11)
Consequently, only the components of tensor Ay, that are symmetric in the order of

differentiation are physically essential. Indeed, tensors of the sixth rank are asymmetric in the
indicated indices:

Ak * Ajkimn = = Akjimn- Ajkimn = = Alkjinm (12)
can be arbitrary in (10). By virtue of the convolution, taking into account the symmetry of the
tensor U j, the sum of all terms corresponding to the components Aﬁk,mn in (10) is

identically equal to zero, £ = AiimnU mn =0.
It is obvious that for the gradient component of the potential energy density w, (ui,jk)
recorded in displacements, only the components of the tensor of elastic moduli of the sixth

rank Aﬁk,mn are significant (energetically significant), and the components Ajf‘k,mn are
energetically insignificant:

2wy (Ui,jk ) = HijYi ik = AjjkamnYi, jkUr,mn = Aﬁ?klmnui,jkul,mn - (13)
Moreover, for any values Aj?‘k,mn and for any U; j, the following identity takes place
Ajidmni, jkUr,mn =0 (14)

Therefore, equality (14) is a necessary condition for the absence of symmetry in the
order of differentiation.
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On the other hand, let us consider the quadratic form corresponding to the density of the
gradient part of the potential energy recorded for distortions. We have:
1
|Ji,jk Aijklmnul,mn = ui,jk Z(Aijklmn + Aikjlmn + Aijklnm + Aikjlnm)ul,mn '

Consequently, for the potential energy written for integrable distortions, only the
symmetric components under permutation of the differentiation indices of the sixth rank
tensor are essential:

A 1
Aijklmn = Z(Aijklmn + A1kj|mn + Aijklnm + Akjlnm) '

Consider a sixth-order tensor B. In Levi-Civita index notations it can be represented by
the components B,,,. Assume that for any tensors of the third rank u; ;, symmetric with

respect to the second and third indices the following equality holds:

Ui Bijklmnul,mn =0.
Then we state that the validity of the previously written equation implies that:
B =B

ijklmn ijklnm *

This last equality is a sufficient condition for u, , By,.,.U; ., = 0.

The correct necessary and sufficient characterization of the tensor B verifying the
condition u; 4 Byl e = 0 is the following one:

i, jk =ijklmn
B +B. +B +B =0.

ijklmn ijklnm ikjnlmn ikjlnm

This condition can be proven to be necessary simply by choosing the third-order tensor
in u; Byl my =0 suchthat u, =u, =1 whileall others u; , =0.

It is also trivially sufficient as every tensor symmetric with respect to the second and
third-order indices can be represented as a linear combination of the considered ones.

The following statement holds.

Lemma. In the gradient theory of distortions, for the correct variational formulation of
the gradient model, it is sufficient that the tensor of moment stresses is symmetric in the last
pair of indices

Proof. For tensors of the third rank g4 and U; j, there are decompositions into

symmetric and asymmetric components with respect to the last indices (symmetry and
asymmetry in the order of differentiation):

1 1 N .
Hijk = —(ﬂijk + Higj )+—(ﬂijk — Higj ) = Hijk T Hijk »
2 2
(15)
1 1 ~ ~
Ui jk :E(Ui,jk Uik )+§(Ui,jk —Uj ki ) =Uj jk TUj jk -
We consider the kinematics of media without defect fields, which is determined by the
symmetric component of the second-rank tensor of the distortion gradient ai,jk . To formulate

the kinematics of such a medium in variational modeling, it is necessary to introduce the
kinematic connections:

Consider the gradient part of the potential energy density w, (Ui,jk) and introduce the
corresponding extended Lagrange functional w (uiy jk), taking into account constraints (16),
using the Lagrange multiplier technique:

Wy (Ui,jk)zﬂijk5ui,jk + A OU; e (17)
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where ﬂijk is the Lagrange multiplier tensor.

We transform the variational form (13), taking into account the expansions (15):

2W, (ui,jk ) = K OU; i + A O0; s = (i + Hig )(OU;  +0T; ) + A4 OG; j =
= HigOU; j + ig0U; jy + A OU; i = MOV e + i 0T j + A4 0 = (18)
= L OU; i + (g + i )G i -

In the last equality (18), in the first term, all 5ui|jk are free variations. We assume that
the tensor of the Lagrange multipliers is determined from the conditions fj + 4 =0. Then
from (18), we have:
2W, (ui,jk ) = Ui OU; i -

The lemma is proved.

3. Properties of symmetry defined by deformation symmetry conditions and by the
order of differentiation

Let us consider the symmetry conditions and establish the related structure of the tensors of
the elastic moduli of the sixth rank. The general form of tensors of the sixth rank for an
isotropic body can be constructed as an expansion in a system of 15 linearly independent

basis tensors of the sixth rank eﬁk,mn ;
_ a _ 1 2 15
Ajkimn = 84 €ijkimn = 31€ijkimn + 82€ijkimn -+ + B45Eijkimn (19)
where
. 3
uklmn 5 5kI5mn’ uklmn 5 gkmé‘ln’ eijklmn - 5 5kn5lm'

|Jk|mn 5|k5 é‘mn’ uklmn é‘lkajmé‘h’l’ ei?klmn :é‘iké‘jné‘lm;
|Jklmn =810 jkOmn; eijklmn = 610 jnkm; ei?klmn = 610 jm%kn;
uklmn - 5 §Jk5ln’ uklmn - 5 5 5kn; eiljilmn - 5 5Jn5kI7

. . 15
|Jklmn = 6in0 jkOim; |Jklmn =6in01%m:  Eijkimn = OinOjmSu -

Let us take into account the symmetry condition (7) for the tensor of the sixth rank,
Ajiamn = Amnijk - As a result, we obtain the following additional relations for the expansion
coefficients (19):

& =3, =85 84 =8, Gp=ay
and reduces the number of independent gradient elastic moduli to 11
2 6
Ajkimn = al(eljklmn + eljklmn) + @ (Bjjiamn T Eijiimn) +
10 5 7
+ a3eijklmn +ay (eijklmn + €jjiamn) + 35€4jkamn + a7€ijiamn +

8 9 11 12 14 15
+ 3g€ijkimn *+ A9€ijkimn T+ A1€ijkimn + 12 (Eijiimn * Eijkimn) + 45Eijikimn -
Consequently, the number of basis tensors decreased to 11.
Additional consideration of symmetry in the order of differentiation (11),

Ajamn = Armnijk = Ajinm 16ads to additional connections between the elastic moduli in the last
equality:
=8y =0 =83, =83=8 =85, 8§ =8y, &3 =8, =8,y =8;5.
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This reduces the number of independent basis tensors to five and the sixth rank elastic
modulus tensor is determined by five physical constants a;, a,,a;,3g,a:
Ajimn = a1(5 Sk%mn + Oin%kOm + Ok j1Omn + I 5Jk5|n)
484 (8Smin + 84S jnGim + Gkadim + G S imin ) + 81516 S (20)

+a8( I5Jm§kn +§|I5Jn5km)+all(5 5 5kn +5 5Jn5kl +5n5jl5km +5 5Jm5kl)

The structure of the elastic moduli of the sixth rank (20) corresponds to the distortion
gradient model followed from Mindlin Form | [2,3]. On the other hand, if, considering
relations (19), we require the fulfillment of both potentiality conditions (7) and the strain
gradient condition Ay, = Ajkm,n(= Ajik,mn), then the following connections between the
modules are additionally established:

& =8, =8 =8y, dg=2, =) =5

As a result, the number of modules will also decrease to five, but the structure of the

tensor of elastic moduli will be different:

Aﬁjklmn = a1(5 5kI5mn + 5|n5 ké]m + 5 5km5In + 5|k5jn5lm)+ a35 5kn5Im
+8, (50}16mn + GO kOin + GG inGin + 5101k Omn ) + 85 (518 G + Fim1 k) (21)

+ag (8000 + Gia01m + 518 nOim + GiaOimiut ) -

The structure of the moduli of elasticity of the sixth rank (21) corresponds to the strain
gradient model followed from Mindlin Form Il. It is obvious that in (20), as compared with
(21), the expansion is carried out in terms of other basis tensors, since these expansions

contain different fives of the elastic moduli a;, a3, a,, a3, ag.

Let us now consider the potential energy densities constructed according to the two
considered types of symmetry: the symmetry conditions on the order of differentiation (20)
and the symmetry conditions connected with the symmetry of the strain tensor (21). For the
elastic moduli (20) of the Mindlin form I, we find the expression for the moment tensor:

Hik = AjamnUi mn = al(5ijuk,mm + 8 Um.mi + iU j mm + S jiUn ni)+
+a, (éijun,nk + Sl i + Gk + FicUn )+ 870 Ui o +
+2a8(ui’jk)+2a11(uj,ik +uk’ij)= (22)
= ay (G AU +25)0; + 53 AU )+ 28, (50, + 630 ) +
+a75jkAui + 2a8ui'jk + 2<';111(quik +Uk,ij) .

For the elastic moduli (21) of the Mindlin form 1I, we will have a different form of
moment stresses:

ik = AjjkimnUr mn = al(é}juk,mm + Uy + Gl +5kulu)+as5 Uik +

+ay (é‘ikuj,mm +0 Uy it + iUy i + U |mm)+a8 (ui,jk +Uj,ik)+

(Uk ij TUj ki T Uik +Uk,ji): (23)
+a4( ,kAu +5Jk9 +5,k¢9 +5JkAu )+(a8+a9)( IJI(+u“k)+2a9uk” :
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From a comparison of the moment stress tensors (22) and (23), it follows that the
models constructed using the symmetry properties in the order of differentiation and the
symmetry properties associated with the symmetry in the first two indices are different. For
the distortion gradient model (Mindlin Form 1), the moment tensor is symmetric in the last
two indices, while for the strain gradient model (Mindlin Form I1), the moment tensor has a
"pairing” symmetry - symmetry in the first two indices.

The two types of symmetry under study are fundamentally different, because symmetry
in the order of differentiation is fundamental and is associated with the existence of a gradient
defect-free medium when the symmetry conditions for the tensor of the second derivatives of
displacements are necessary and sufficient conditions for the continuity of distortions.

The violation of this symmetry leads to the appearance of energetically insignificant
"extra" modules in the tensor of the sixth rank, which do not affect the form of potential
energy. Nevertheless, it is not yet clear whether only energetically significant components of
the sixth rank tensor with the indicated symmetry property should be retained when we
construct the solutions.

Symmetry associated with pairing (symmetry in the first indices in the first and second
triples of indices) is introduced in the construction of the gradient theory of deformations and
is associated with the symmetry of the strain tensor. This is a different symmetry.

Consider again tensors of elastic moduli for the Mindlin form | with the properties

(Ajklmn = Amnij = Aﬁjklnm) and the Mindlin form 11 with properties (Aﬁ?klmn = Ak = N}kmln)-

Accordingly, for the Mindlin form I, the density of the gradient part of the potential energy is

written in terms of the tensor of elastic moduli, which have the property of symmetry in the

order of differentiation (11), (20):

WU ) =3 Ui i AigmnUl mn - (24)
For the Mindlin Form I, the density potential energy of the stain gradient model is

written from another tensor of gradient properties of the sixth rank A{}k,mn that do not have

properties (11):

W (&) = %gij,kp{jcklmnglm,n' (25)
The two written forms of Mindlin's theory (24) and (25) are equivalent in the sense that

each of them is written in terms of five physical constants (a; are the moduli in the Mindlin

Form | and ai* are the moduli in the Mindlin Form I1) and the coefficients a, and ai* can be
expressed in terms of each other if, for example, we rewrite the quadratic form (24) in the
terms of strains taking into account the identity U; ji = &« + &ki,j — €jk.i- AS a result of such
identification, it is possible to obtain the same shapes for the potential energy density for any
trial displacement field.

Remark. The identity U; j =& + & j — €k, 1S considered to be known; nevertheless,

we give proof of it. To do this, we first use the obvious expansion of the distortion tensor U, ;

and write down the corresponding expression for the derivative of the distortion tensor:
U;=¢& -0 ¢} Ui i =& — a)a’k3

a~ija’ i

(26)

ija?

where @, =~/ 2)u; 3,... I, is the Levi-Civita tensor

Now we exclude the gradient tensor of the rotation vector @,, from the second
expression in (26) using the compatibility equation (the integrability condition):

jkr jkr ija™~ jkr
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If we take into account the properties of the Levi-Civita tensor 3,9, = (5,6, — 9,6 ,
then the last equality allows us to obtain:
Oy = =04 paa - (27)

Substitution of @, with the help of (27) into expression (26) gives the required
identity:
L‘Ii,jk = gij,k + gkp,qapqaglja ‘c"ij,k + gkp,q (5pi5qj pj q|) glj k + gkl j gk] i

Let us return to the potential energy density and show that the Mindlin Form | can be
rewritten in terms of strains in the Mindlin Form II, which makes it possible to formally
express in the general case the modulus tensor of the Mindlin | form in terms of the moduli
tensor of the Mindlin Form Il Indeed, consider the Mindlin Form I:

| |
W, = Aijklmnui,jkul,mn
and rewrite it taking into account the relations:
Ui ik = €ijx T €ua,j — &y

uI,mn :glm,n t+é — &

nl,m nm,l *

As a result, we obtain an expression for the potential energy density expressed in terms
of the elastic moduli of the Mindlin Form I, but written in terms of the derivatives of the
strain tensor components, i.e. in the Mindlin Form Il decomposition:

w' = A1;|<|mnui,jku|,mn = Ai}klmn (5ij,k + &4 _gkj,i)(glm,n t&ynm _gnm,l) =
= A1}k|mn (8ij,kglm,n T &4 i€imn T €4Gi€imn T EijkEnim T €, jEnim T Eki€nm T
—&ijk€m) ~ €k, j€nm) +gkj,ignm,|) =
= A;klmn (gij,kglm,n &4 i€imn T €44i€imn 1 EijkEnim T €, jEnim ~ Eiji€
~&jkEmm) ~ €, jEnm) T Ei€nm, )=
= [(A}klmn + Alkjlmn Akjllmn) + (Ajkmnl + Ajklmnl Akjlmnl) (A]knml + Ajklnml Akljinml )]5ij,k‘9lm,n :
Comparing the resulting form with the quadratic form written in terms of the moduli of

the Mindlin Form |1, Aﬁ,mmn i x€mnWe find, in the general case, the connection between the

components of the moduli tensor of the Mindin Form | and the components of the moduli
tensor of the Mindlin Form II:

jklmn = (Ajklmn + A1kj|mn A(Jllmn) + (Aijkmnl + Ajklmnl Akjlmnl) (Aijknml + Ajklnml Akljinml)'
In conclusion of the section, we note that the apparent equivalence of quadratic forms
(24) and (25) does not provide complete equivalence, because these forms are constructed
using tensors of elastic moduli with different symmetry properties, which do not provide a
formal identical transition from one symmetry to another.

Indeed, let us consider the definitions of the tensor Ay, using the equality (20), and

+

nl,m

the definition of the tensor A{jcklmn using the equality (21), and construct a tensor of gradient

elastic moduli A?k,mn that simultaneously possess symmetry in the order of differentiation and
symmetry in pairing ('Aﬁmmn = Aﬁnnijk = Aﬁ?klnm = N}Ekmln)- We get:
Aﬁ?klmn =g (5ij5k|5mn +0in%k%m + %ikF1%mn + OimS kOin + 9ij%kmOn * GikOnOim

+355ka0im + OB mOin + 58k Oomn )

+ag (81610 + GG inGkn + G010 + GGG + Gia0iem + GG jmi )
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Obviously, the quadratic form that determines the potential energy density:

1 #
W = 2&j « Ajimn€im,n

is identical in the indicated sense to forms (24) and (25), but defines a model with complete
symmetry, different from the two models mentioned above. For this model, completely
correct from the point of view of symmetry properties, the third-rank moment tensor is
symmetric in the first and second pairs of indices. Indeed, this model automatically satisfies
the requirements of the symmetry theorem for the moment tensors and is simultaneously a
stain gradient model. However, note that this theory imposes more stringent requirements on
the gradient properties, which is reflected in the number of corresponding basis tensors and
modules.

Next, we will consider the problem of the importance of fulfillment of the symmetry
conditions in the order of differentiation as necessary conditions for the absence of defect
fields in the gradient theory of elasticity. The following question arises, whether it is
necessary to strictly achieve the fulfillment of these conditions in applied models if the tensor
of modules of the sixth rank does not satisfy these conditions by construction or the presence
of asymmetric components does not affect the solution of applied problems due to the fact
that antisymmetric components are energetically insignificant (14).

4. Symmetry conditions in the order of differentiation and correctness criterion
We represent a tensor of the sixth rank in the form of a decomposition:

Cijkmnl = Cljrktnn Ckan CleJrrnn Cljk:nnl (28)
Cl]—k+mnl = (Cukmnl + Clkjmnl + Cukmln |kJmIn) / 4
CuEmnl - (Cijkmnl + Cikjmnl _Cijkmln - lkjmln)/4 (29)
Cljkmnl = (Cukmnl Clkjmnl + Cukmln - |kjmln)/4
Cijkmnl = (Cijkmnl _Cikjmnl - Cijkmln |kjmln)/4

By the formulas (29) we introduce a tensor basis in the space of six rank tensors for the
four distinguished orthogonal subspaces that take into account the symmetry in pairs of

differentiation indices. For example, one of the basis tensors of the subspace Gy, iS €jjn:
= (00O + 0400 + 00Oy + 04 0jn0y) [ 4.

ukmnl km™ nl jm~nl km™nl jm~nl

It is formed through the basic tensors €., €jny given in definition (19),

Cmnl = (eIkanI +€.,kmn|) /2. On the other side, one of the basis tensors of the subspace Cjj,, is
the tensor eljkmnl' ukmnl (5 5km5n| +§ 5Jm5nl 5 5km5n| é‘lké’]m nl)/4 etc.

The differentiation indices are the last two indices in each of the triples of indices in the
sixth rank tensors under consideration. Orthogonality means that the convolution over any
differentiation indices is zero if they are not the same.

The proof of the orthogonality of basis tensors from different subspaces follows directly
from the identity:

C.TkEmCJk;nm (@ )/16=0,

the validity of which can be verified after the implementation of the convolution operation.
By direct convolution of expansion (28) for tensor Cy,, With a tensor of the sixth rank

+C.

ikjmnl

+C.

ukmln

|kjmln)(C|kanI + Cikjmnl -G

ijkmin |kjmln

R R one can verify that the potential energy of curvatures depends only on the moduli

i,jk " *m,nl

included in the definition of the tensor G, . Consequently, the modules that make up the
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tensors  Ciins Cinm» Cijnn - @re not limited by any relations. Note that, as shown earlier,

among the components of the tensor C,,, only the components of Cj,, are physically and

energetically significant.
Consider the variation of the gradient part of the potential energy:

ow, = Jaijkéui'jkdv = jaijk'jkéuidv —I [0 N;0U; — oy N OU;  JdF =

)dF + (30)

= j [0y, +(04N,) ,8) +2H oy, N, 16u,dF +j (@3N, 8(u, N,
F

+<j> [N )v.)]5u.ds,
where H =—(1/2)(n)) ;6;, &, =6, —nn,
Writing (30), we took into account the following equality [25]:
j (03 OR) O, dF = (oyn IV oRds — [ 2HoynnoRAF, H=—-(1/2)(n);s;

F
Equality (30) can be rewritten completely in displacements, taking into account the

relations of Hooke's law &y = CijimaUy oy -
5W Icljklmnul mnjké‘u dV _[ [Cljklmnul mnknjéui _Cijklmnul,mnnké‘ui,j]dF =
= _J. [Cijklmn 1, mnk j + (Cuklmn I, mnn ) p5]p + 2HCukImn | mnnknj]é‘uidF + (31)

+I (Cljklmnul mnnk)n 5(U| p p)dF +<ﬁ [(Cuklmnul mnnk)v )]5U dS

Let us construct a correctness condition for the variational form of the potential energy
density of gradient models. We say that the gradient model is correct if the boundary
conditions do not include physically and energetically insignificant components of the elastic

moduli A‘}‘k,mn, (8) and, accordingly, the moment tensor /z; asymmetric in the last indices
(15). Recall that the components of the tensors of elastic moduli Ay, are called physically
and energetically insignificant if they satisfy the identities:
'Aﬁ?klmnul,mn =0, AlimaUi kUi mn =0-

Let us write equality (31) first only in terms of physically and energetically significant
(essential) components of the tensor of sixth rank models C;’

ijkmnl -
SWE = j Coaty e OV —

ijkmnl

++ ++
_[ [Cukmnlul mnknj + (Cijkmnlul,mnnk) p§jp + 2H

F

+I (Cljkmnlul mnnk)n §(u| p p)dF+¢ [(Cukmnlul mnnk)vj )]5ulds )

On the other hand, we keep in (31) the complete expansion for the tensor of elastic
moduli of the sixth rank (28). In this case, we get:

nn; JowdF + (32)

ukmnlul mn



916 S. Lurie, P. Belov, E. Lykosova

swy" = J'C Uy o SU; AV —

ijkimn

_J [(Cuklmn + CukJIrmn)uI mnkn + ((Cuklmn + Ci}l:;mn)ul,mnn ) p5]p + 2HC++

ijklmn

U N JoudF + (33)

+I ((Cuklmn +Cuk+lmn)u| mnn )n 5(U| p p)dF +¢ [((Cuklmn +C|Jk+lmn)ul,mnnk)vj )]5uidS '

Comparlng the variational forms (32) and (33), we find:

ow, fu“ 5W _[ [Cuklmnul mnk 1j +(Cuklmnul ). p Jpj]auidF +
F (34)
+<ﬁ I:CiJTI(JIrmnuI,mnnkvj]5|"IidS )

Equation (34) shows that the formulation of the boundary value problem without taking
into account the symmetry of the tensor of elastic moduli with respect to the differentiation
indices can lead to significant errors due to the possible appearance in the boundary
conditions of physically and energetically insignificant components of the elastic moduli,
which can take any values.

Thus, to eliminate parasitic terms in the static boundary conditions, the following
correctness condition should be required:

B = 5ngull _5W; J. [Cuklmnul mnkn + (Cuklmnul mnn ) p Jpj]5uidF +
F (35)
+¢ [Cij_lzl—mnl'll,mnnkvj:Ié‘uidS = 0

Following (35), it can be argued that errors are associated with uncompensated
energetically insignificant components Cij‘[mn, and can formally appear only under boundary
conditions for stresses on the body surface and ribs.

For greater clarity, we write down the variational form (31) in terms of the double
stresses 4

sw, =— j Hg xORAV +

= [ Tt Iy + [0 )1, 87 +2H g, 16R dF — j (221 NS (R, )AF -
E
~¢ [(un)v;)IoRds
In the last equality, we represent the tensor of moments in the form of a sum of
symmetric and asymmetric tensors with respect to the last pair of indices 4 = ﬁijk + Hij
(15). After transformations of the convolution, we get:

oW, =~ fiy SRV +
\

= [ Gt + ftg) 0 + [y + By )1, 8 +2H g nn; 16R dF — (36)

F

~[ @ynIn R 0 )AF = [(y, + ity ) v;)IoR ds .

Let us take into account that physically insignificant moments ﬂijk should not enter into

the expression for the variation of the density of the gradient part of the potential energy, so as
not to introduce, generally speaking, arbitrarily large errors in the boundary conditions. For
simplicity consider the case when the surface of the body is formed by planes. In this case
H = 0 and the expression (36) takes on a simpler form:
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oW, =—[ ity SRV +
= j [y + fig ) o0y + [y + 2 In )], 5, 16RAF —
j (NN S (R o, YAF = [y + iy 0V, ISR ds = (37)

:_Iﬂijk,jk RdV "'I [ty + (D) jp]5RdF 95 [44nVv;)]oRd +

\%
+ | Dl + (i) 53 ISR AF = [zn,v,)I5R ds .
E

In equality (37), the last row contains terms that can give erroneous components in the
boundary conditions for gradient elasticity, because it contains physically and energetically
insignificant moments. In the correct formulation of boundary value problems of gradient
elasticity, these terms should be absent. Therefore, the correctness conditions have the form:

[ Lagn; + () , 6, 16RdF = [2,nv,)]oRds =0. (38)

Consider the first term in expression (38) for the common case when H =0
[ Uit + (ftgny) , 63, 10u,dF =
F

= [ Lo, + (@0, .63, 16UdF = j [y, (06 +187,) + By, .57, 10U dF =
F

. . N 3 (39)

:J- [ (N0 + N S3p) + e o (NN, + 1 Ny Jp]5U dF =
F

:_[ [[lijk,p(njé‘ljp +nk5;p)§uid|: +_[ [ » (N;N, +[lijknk,p§;p]§uidl: :
F F

Obviously, the first term in the last line of (39) is equal to zero due to the convolution of
the symmetric (n j5 +n, 5 ») and antisymmetric i o tensors. In the case when the surface

of the body is formed by a family of planes, the second term is also equal to zero, because
., =0. Consequently, if the surface is formed by planes, then there are no erroneous terms

containing uncompensated fz;, in the static boundary condition because the first term in (38)

is equal to zero.

In the general case, however, equality (39) shows that erroneous terms in the classical
boundary condition (with a variation of Su,) can also appear in the term characterizing the
curvature of the surface through the plane divergence of the normal vector:

[ [64n, ,03,10u,dF = 0.
F
Equations (35), (39) allow us to formulate the following statement:

1. For any gradient theory of elasticity, the correct static boundary conditions on the
force vector t; and static conditions for meniscus forces f; =Cyy U, NV, should be

formulated using only the gradient elastic moduli tensor Ci,.., which is symmetric with

respect to the order of differentiation (i.e., symmetric with respect to the last indices in each
triple), even if these elastic moduli do not have these properties for the model under
consideration:
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(Cijkluk,l _C'H uI,mnk)nj + (C'++ ul,mnnk),pé‘;P +

ijklmn ijkimn

+2HC.

ijkimn

] (40)
NN =t, xeF=RUFR..UF,

CH

ijkimn U1 m MV = fiov X €S=85US,.UsS,. (41)
If the surface of the body is formed by planes, then the relation (40) is fulfilled
identically, but the condition (41) should be kept in mind.

2. If the boundary static conditions are formulated in forces and moments, then,
following conditions (38), both the boundary condition for the vector of forces on the surface
and the boundary condition for the vector of forces of the meniscus on the contours should be
written in terms of the symmetric components of the moment tensor relative to the last
indices zz, .

Remark. Note that in the integral over the surface:
[ Ligen; + (iagn,) .57, 180,dF (42)
F

the convolution J' [oiy , (N6, + NS}, )Su,dF =0 can be equal to zero only by a combination
F
of both terms in the general case.

This remark seems important if we take into account that the second term in (42) gives a
correction to the boundary conditions formulated for semiclassical force conditions by taking
into account the moment force factors.

However, there is the set of gradient media models [25], for which moment corrections

(aijknk)’pé;p in the boundary conditions are absent and static boundary conditions are written

in the forms of conditions of classical elasticity through quasi-classical stresses (total stresses)
T
T =1N;, Ty =0y — My -

In this case, the expressions fz; N, #0 appear in the boundary conditions. They are
nonzero and can be arbitrary. Therefore, the requirement of symmetry in the order of
differentiation (symmetry of the moment tensor with respect to the last indices) becomes
essential, and the correct force condition, written taking into account the indicated symmetry
property, has the form

7= (O'ij _/[lijk,k)nj :tioi

t’ is a known function on the surface of the body.

5. Conclusions

The analysis of the symmetry conditions for the tensor components of the generalized elastic
moduli of the gradient elasticity is given, the symmetry conditions are established, which are
characteristic only for the gradient models. It is shown that the symmetry conditions may not
be taken into account when we construct the solution by the direct method of minimizing the
generalized Lagrange functional, because the discussed specific symmetry conditions are
energetically insignificant and are not formally included in the definition of the potential
energy density due to convolution procedure. A nontrivial result has been established that
shows that energetically insignificant components of the tensor of gradient elastic moduli can
lead to an erroneous form of static boundary conditions and conditions on the contours —
intersection lines of piecewise smooth surfaces in the formal formulation of the mathematical
model of gradient elasticity without taking into account additional symmetry conditions. The
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procedure that allows always us to obtain the correct boundary conditions for arbitrary
variants of gradient elasticity theories is proposed.
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