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The paper is devoted to the parameter identification problem for two-neuron FitzHugh-Nagumo models under condi-
tion when only one variable, namely the membrane potential, is measured. Another practical assumption is that both
variable derivatives cannot be measured. Finally, it is assumed that the sensor measuring the membrane potential is im-
precise and all measurements have some unknown scaling factor. This circumstances bring additional difficulties to the
parameters estimation problem and, therefore, such case was not studied before. To solve the problem firstly, the model
is transformed to a more simple form without unmeasurable variables. Variables obtained from applying second-order
real filter-differentiator are used instead of unmeasurable derivatives. Then an adaptive system, parameters of which
are estimates of original system parameters is designed. The estimation (identification) goal is to properly adjust pa-
rameter estimates. To this end the speed-gradient method is employed. The correctness of the obtained solution is
proved theoretically and illustrated by the computer simulation in the Simulink environment. The sufficient conditions
of asymptotically correct identification for speed-gradient method with integral objective function are formulated and
proved. The novelty of the paper is in that in contrast to existing solutions of the FitzHugh-Nagumo identification
problem, we take into account a systematic error of membrane potential measurement. Furthermore, the parameters are
estimated for a system composed from two FitzHugh-Nagumo models, which opens perspectives for using the proposed
results for modeling and estimation of parameters for neuron population.

The FitzHugh-Nagumo (FHN) model is widely used in
many fields of science. This model reflects the basic prop-
erties of excitability and originally was obtained to resem-
ble nerve cell dynamics1,2. Its generality lets the FHN
model also be a model of neuron populations or brain
regions3, cardiac tissue4, chemical processes5, etc. There-
fore, it is essential to be able to correctly use this model
on practice and on this way the identification problem ap-
pears. However, straightforward methods of parameters
estimation can be inapplicable here, which makes the iden-
tification of the FHN model not a trivial task at all. Within
an experiment only one variable of the FHN model can
be measured and this measurement may include an error
because of imperfection of sensors. Fortunately, toolkit
of control theory allows to cope with existing difficulties
and find simple and elegant solution not only for the single
FHN model, but also a system constucted from a few of
them. This opens new possibilities in neural activity mod-
eling.

I. INTRODUCTION

In recent years, the use of methods based on mathemat-
ical and computer modeling have become widespread in
neurobiology6. However, the use of mathematical models re-
quires the availability of information about the state and pa-
rameters of the dynamical systems that describe the models.
This information may not be available in advance because
the values of the state variables and parameters of the neu-
ron model may not be known to researchers. The problem
becomes even more difficult if it is required to evaluate param-

eters of a population of neurons or a neural network consisting
of a large number of interconnected neurons rather than just
one neuron.

In this paper one of systems, which are frequently used in
neurobiology, is considered. It is the FitzHugh-Nagumo sin-
gle neuron model, which is a second-order nonlinear system.
The FHN model is a simplification of the Hodgkin-Huxley
model and has applications in various fields of science and
technology due to its simplicity and generality5. In the experi-
ment, only one variable of the FHN model is usually measured
– the value of the membrane potential, which creates addi-
tional difficulties for the identification and use of this model.

Previously, the problem of estimating parameters of the
FHN model was studied by a number of authors. Most of the
methods used are stochastic. For example, in (Ref. 7) the max-
imum likelihood estimation method was applied, while the re-
sult in (Ref. 8) was obtained using the Bayesian approach.
Many solutions are based on a fairly simple least squares
method (Refs. 9–11). In (Ref. 9), the original model was first
simplified, which made all subsequent steps easier. Nonlinear
filtering for estimating time-varying parameters was used and
applied to the FHN model in (Ref. 12).

In this work, we use a new identification method based on
cybernetical ideas and tools. The model was extended by
introducing an additional dynamical system, which parame-
ters estimate parameters of original system. In contrast to the
mentioned works, the proposed deterministic algorithm solves
the identification problem for several FHN neuron models and
takes into account a systematic error of membrane potential’s
measurement. In comparison with our previous result13, an
approach based on the speed-gradient method14 in combina-
tion with filtering for tuning system parameters was developed
and theoretically substantiated. It opens up prospects for mod-
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eling the activity of a population of neurons.

II. ADAPTIVE PARAMETERS ESTIMATOR DESIGN

Let us consider a system composed from two original
FitzHugh-Nagumo models:

u′1 = u1−
u3

1
3 − v1 + Iext ,

v′1 = ε(u1−a−bv1),

u′2 = u2−
u3

2
3 − v2 + Iext ,

v′2 = ε(u2−a−bv2),

(1)

where u1(t), u2(t) are the membrane potentials of the first and
the second neurons, v1(t) ,v2(t) are the cumulative effects of
all slow ion currents responsible for restoring the resting po-
tential of the nerve cells membranes correspondingly. Param-
eters a and b determine the conductance characteristics of ion
channels, ε > 0 is the relative velocity change in slow ion cur-
rents, and Iext is the external current1,2.

We operate under the assumption that only the membrane
potentials without its derivatives are measured and all the pa-
rameters are unknown. Furthermore, when measuring the
variables u1 and u2 from a real neurons some errors will in-
evitably occur. To take systematic (scaling) errors into ac-
count it is assumed that y1 = cu1, y2 = cu2, where c is an
apriori unknown scaling factor and y1(t), y2(t) are new vari-
ables. Following this, let us differentiate the first and the third
equations of (1) and then substitute the right hand side of the
second and the fourth equations instead of v′1 and v′2 corre-
spondingly. We completely get rid of the unmeasurable vari-
ables v1 and v2 by expressing them from the first and the third
equations:

y′′1 = (1− εb)y′1−
1

3c2 (y
3
1)
′+ ε(b−1)y1−

εb
3c2 y3

1

+cε(a+bIext),

y′′2 = (1− εb)y′2−
1

3c2 (y
3
2)
′+ ε(b−1)y2−

εb
3c2 y3

2

+cε(a+bIext).

(2)

Then, we sum two equations of (2) representing the coeffi-
cients of the resulting equation as a vector:

θ
∗ =


1− εb
−1/3c2

ε(b−1)
−εb/3c2

2cε(a+bIext)

 (3)

and arrive at the equation:

(y1 + y2)
′′ = θ

∗
1 (y1 + y2)

′+θ
∗
2 (y

3
1 + y3

2)
′+θ

∗
3 (y1 + y2)

+θ
∗
4 (y

3
1 + y3

2)+θ
∗
5 .

(4)

The coefficients of θ ∗ represent the set of unknown parame-
ters of (1) in a modified form. We propose to determine these
coefficients be means of the speed-gradient method.

In order to design a realistic parameters estimation algo-
rithm we make some actions to remove unmeasurable deriva-
tives of y1 and y2 from (4). For this purpose we use an auxil-
iary filter, specifically a double real differentiator described as
follows:

ξ =
p2

(τ1 p+1)(τ2 p+1)
η , (5)

where τi > 0 i = 1,2, p = d/dt, ξ ≈ η ′′. Here the multiplier
of η is just the transfer function of the filter. In other words,
symbolic relation (5) is equivalent to the differential equation:

τ1τ2ξ (t)′′+(τ1 + τ2)ξ (t)′+ξ (t) = η(t)′′. (6)

In can be easily shown that implementation of the filter (6)
does not require differentiation of measured signal η .

Although real differentiators (high pass/low pass filters,
dirty differentiators) are well known in control and signal
processing15–17, using them in the state and parameters es-
timation systems is relatively new. Motivation for the choice
of real differentiators consists in the fact that there is always
a noise in measurements. This means that exact differentia-
tion is impossible since this will lead to a significant increase
in measurement error. On the other hand, a real differentiator
can approximately differentiate a signal and filter a noise to
some extent. The greater coefficients τi, the less accurate (5)
differentiates, but also the less a noise is strengthened18.

Now we apply the filter with the transfer function W (p) =
1/(τ1 p+ 1)(τ2 p+ 1) to both parts of (4) and introduce the
filtered variables:

x1 =
p2

(τ1 p+1)(τ2 p+1)
(y1 + y2),

x2 =
p

(τ1 p+1)(τ2 p+1)
(y1 + y2),

x3 =
p

(τ1 p+1)(τ2 p+1)
(y3

1 + y3
2),

x4 =
1

(τ1 p+1)(τ2 p+1)
(y1 + y2),

x5 =
1

(τ1 p+1)(τ2 p+1)
(y3

1 + y3
2).

(7)

Just note that the second and the third equations of (7) are
equivalent to x′4 = x2 and x′5 = x3.

Then the equation (4) transforms to

x1 = θ
∗
1 x2 +θ

∗
2 x3 +θ

∗
3 x4 +θ

∗
4 x5 +θ

∗
5 +∆, (8)

where ∆(t) is decaying error. In what follows we neglect ∆,
since it tends to zero exponentially in view of exponential sta-
bility of the filter (5).

The problem is to build an adaptive system providing the
output variable estimate x̂1(t) for the model (8) as the output
variable and the neurons’ parameter estimates, θi(t) i ∈ 1 : 5,
as the parameters, which would provide the identification
goal:

1) x̂1(t)− x1(t)→ 0 for t→ ∞,

2) θ(t)−θ
∗→ 0 for t→ ∞,

(9)
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Identification of Two-Neuron FitzHugh-Nagumo Model Based on the Speed-Gradient and Filtering 3

where θ(t) is a column vector of adjustable adaptation param-
eters θi(t) i ∈ 1 : 5.

To solve the problem an adaptive system structure is chosen
as follows:

x̂1 = θ1x2 +θ2x3 +θ3x4 +θ4x5 +θ5. (10)

To design the adaptation loop the speed gradient algorithm
is used based on the integral objective function Qt , which ex-
plicitly depends on the adjustable parameters14:

Qt =

t∫
0

1
2

δ
2(x(s),θ(s),s)ds, (11)

where

δ (x,θ , t) = x̂1− x1 = (θ1−θ
∗
1 )x2 +(θ2−θ

∗
2 )x3

+(θ3−θ
∗
3 )x4 +(θ4−θ

∗
4 )x5 +θ5−θ

∗
5 ,

(12)

is the error between the output variable and its estimate. We
arrive at the following adaptation algorithm:

θ
′ =−δ


γ1x2
γ2x3
γ3x4
γ4x5
γ5

 , (13)

where γi i∈ 1 : 5 are positive gains. Finally, the adaptive model
is as follows:

y′′1 = θ ∗1 y′1 +θ ∗2 (y
3
1)
′+θ ∗3 y1 +θ ∗4 y3

1 +θ ∗5 ,

y′′2 = θ ∗1 y′2 +θ ∗2 (y
3
2)
′+θ ∗3 y2 +θ ∗4 y3

2 +θ ∗5 ,

x2 =
p

(τ1 p+1)(τ2 p+1) (y1 + y2),

x3 =
p

(τ1 p+1)(τ2 p+1) (y
3
1 + y3

2),

x′4 = x2,

x′5 = x3,

x1 = θ ∗1 x2 +θ ∗2 x3 +θ ∗3 x4 +θ ∗4 x5 +θ ∗5 ,

x̂1 = θ1x2 +θ2x3 +θ3x4 +θ4x5 +θ5,

θ ′1 =−γ1δx2,

θ ′2 =−γ2δx3,

θ ′3 =−γ3δx4,

θ ′4 =−γ4δx5,

θ ′5 =−γ5δ .

(14)

In (14) first two equations model variables corresponding
to membrane potentials. Instead of this equations membrane
potentials from real neurons may be used on practice. Other
equations in (14) builds estimates for parameters of two neu-
ron model, in other words, they solve the problem. Let us
note that if we add more neurons in the (1), then the number
of equations in (14), which are responsible for solution, stays
the same as well as general structure of the adaptive model. It
means that our method potentially can be used for modeling
neuron populations without any significant changes.

III. THE ACHIEVEMENT OF THE IDENTIFICATION
GOAL

Now let us show that for (14) the identification goal is
achieved. For that purpose we formulate the following the-
orem:

Theorem. Consider the system:

x′ = F(x,θ , t), (15)

θ
′ =−δ (x,θ , t)Γz(x, t), (16)

where z(x(t), t) ∈ Rm,1 is a vector of observed values and the
adjusting algorithm for θ(t) ∈ Rm,1 (16) is obtained by the
speed gradient method based on the integral objective func-
tion, which speed of changing with respect to the system (15)
is ω(x,θ , t) = 0.5δ 2(x,θ , t), where δ (x,θ , t) = θ(t)T z(x, t)−
θ ∗T z(x, t) is the difference between some scalar input variable
x̂1(t) = θ(t)T z(x, t) and its desired value x1(t) = θ ∗T z(x, t).
Assume that these conditions are met:
1. Smoothness condition. The functions F(x,θ , t) and
∇θ ω(x,θ , t) are continuous in x and θ , piecewise continuous
in t and locally bounded uniformly in t > 0, in other words for
every β > 0, there exists a number C such that,

‖F(x,θ , t)‖+‖∇θ ω(x,θ , t)‖6C (17)

for ‖x‖6 β ,‖θ‖6 β , t > 0.
2. Convexity condition. The function ω(x,θ , t) is convex in
θ ∈ Rm,1.
3. Weak reachability condition. There exists a constant vector
θ̂ ∈ Rm,1 and a scalar function µ(t) with the properties

∞∫
0

µ(t) dt < ∞, lim
t→∞

µ(t) = 0. (18)

such that for any solution x(t) of (15) the following inequality

ω(x(t), θ̂ , t)6 µ(t), (19)

holds for all t > 0.
4. Persistent excitation condition. The vector function
z(x(t), t) is persistently excited, in other words this function
is bounded for t > 0 and there exists positive numbers L,α, t0
such that, for every t > t0

ML :=
t+L∫
t

z(x(s),s)z(x(s),s)T ds> αIm. (20)

Then, in the system (15), (16) the identification goal (9) is
achieved for the integral objective function

Qt =

t∫
0

ω(x(s),θ(s),s)ds. (21)

Remark. The persistent excitation condition (20) means, in
essence, that the matrix ML is positive definite on the integra-
tion interval [t, t +L]. It follows that rows of z(x(t), t) do not
approach to any hyperplane in Rm for t→∞ simultaneously14.
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Identification of Two-Neuron FitzHugh-Nagumo Model Based on the Speed-Gradient and Filtering 4

Proof. First three conditions ensure the achievement of the
first part of the identification goal (9): x̂1(t)− x1(t)→ 0 for
t→∞, and were taken from a theorem, which were formulated
and proven in (Ref. 14). Let us use a lemma from (Ref. 19)
to prove the second part of the identification goal (9) achieve-
ment.

Lemma. Consider the smooth vector function w(t) ∈ Rm,1

and the persistently excited function z(t) ∈ Rm,1, which is de-
fined on [0,∞). If w′(t)→ 0 and w(t)T z(t)→ 0 for t → ∞,
then

lim
t→∞

w(t) = 0. (22)

w(t)T = (θ1−θ ∗1 θ2−θ ∗2 θ3−θ ∗3 θ4−θ ∗4 θ5−θ ∗5 )
in our case. From 1-3 we have that w(t)T z(t) = θ(t)T z(x, t)−
θ ∗T z(x, t) = x̂1(t)− x1(t) → 0 for t → ∞; w′(t) = θ ′(t) =
−δ (x,θ , t)Γz(x, t) =−(x̂1(t)− x1(t))Γz(x, t)→ 0 for t → ∞

because of the smoothness condition. Thus, lemma conditions
are achieved and, therefore, θ(t)−θ ∗→ 0 for t→ ∞. �

Now we have to check if the system (14) satisfies the theo-
rem conditions. Let us reduce (14) to the form (15), (16):



y′1 = y3,

y′2 = y4,

y′3 = θ ∗1 y3 +3θ ∗2 y2
1y3 +θ ∗3 y1 +θ ∗4 y3

1 +
1
2 θ ∗5 ,

y′4 = θ ∗1 y4 +3θ ∗2 y2
2y4 +θ ∗3 y2 +θ ∗4 y3

2 +
1
2 θ ∗5 ,

x′2 =−Ax2−Bx4 +B(y1 + y2),

x′3 =−Ax3−Bx5 +B(y3
1 + y3

2),

x′4 = x2,

x′5 = x3,

θ ′1 =−γ1δx2,

θ ′2 =−γ2δx3,

θ ′3 =−γ3δx4,

θ ′4 =−γ4δx5,

θ ′5 =−γ5δ ,

(23)

where A = (τ1 + τ2)/(τ1τ2), B = 1/(τ1τ2).
1. Let ‖x‖6 β ,‖θ‖6 β .

‖F(x,θ , t)‖ = (y2
3 + y2

4 + (θ ∗1 y3 + 3θ ∗2 y2
1y3 + θ ∗3 y1 + θ ∗4 y3

1 +
1
2 θ ∗5 )

2 + (θ ∗1 y4 + 3θ ∗2 y2
2y4 + θ ∗3 y2 + θ ∗4 y3

2 +
1
2 θ ∗5 )

2 + (B(y1 +

y2)− Ax2 − Bx5)
2 + (B(y3

1 + y3
2)− Ax3 − Bx6)

2 + x2
2 + x2

3)
1
2 ;

∇θ ω(x,θ , t) =−δ (x,θ , t)(x2 x3 x4 x5 1)T, therefore,
‖∇θ ω(x,θ , t)‖ = |δ (x,θ , t)|‖(x2 x3 x4 x5 1)T‖. It is
clear that there exists a constant C, which majorizes the of
these two expressions, in other words the smoothness condi-
tion is achieved.

2. Let us consider the matrix of second derivatives of
ω(x,θ , t) to prove this function’s convexity:

∂ 2ω(x,θ , t)
∂θi ∂θ j

=


x2

2 x2x3 x2x4 x2x5 x2
x2x3 x2

3 x3x4 x3x5 x3
x2x4 x3x4 x2

4 x4x5 x4
x2x5 x3x5 x4x5 x2

5 x5
x2 x3 x4 x5 1

 (24)

Convexity of ω(x,θ , t) is equivalent to this matrix’s posi-
tive semidefiniteness, which, in turn, is equivalent to non-
negativity of its eigenvalues in our case because this matrix
is hermitian. Let us write eigenvalues: λ1 = λ2 = λ3 = λ4 =
0, λ5 = x2

2 + x2
3 + x2

4 + x2
5 + 1 > 0. Therefore, the convexity

condition is achieved.
3. Let µ(t) ≡ 0. Then, for θ̂ = θ ∗ ω(x, θ̂ , t) ≡ 0, thus, the

weak reachability condition is achieved.
4. In our case z(x(t), t) = (x2 x3 x4 x5 1)T . The

check of the persistent excitation condition was performed nu-
merically in the Simulink environment. As a result of numer-
ical experiments for some set of initial data and parameters
(for details see (25) and (26) in Section IV), we found out that
there exists some number L (> 6), t0 > 0 such that, the ma-
trix ML from the left part of (20) is positive definite, which is
shown on FIG. 1a. Because of non-negativity of the integrand
in (20) with increase in L positive definiteness will persist due
to integral’s additivity. Moreover, the minimal eigenvalue of
matrix ML almost linearly depends on L (see FIG. 1b) and
this eigenvalue positiveness ensures exponential decrease in
the estimation errors (see FIG. 2b). Therefore, the persistent
excitation condition is achieved for the small enough number
α .

Hence, all the theorem conditions are fulfilled, which
means that the identification goal is achieved.

IV. SIMULATION RESULTS

In this section we consider the question of dependence be-
tween time of identification goal achievement or its accuracy
and initial data and parameter values of system (14). For this
purpose we did a few experiments in the Simulink environ-
ment. First of all, the graphs of estimation errors (FIG. 2)
were obtained for a set of initial data:

y1(0) = 0.1, y′1(0) = 0.5, y2(0) = 0.45, y′2(0) = 0.2,
x4(0) = x5(0) = 1, θ1(0) = 0.3, θ2(0) = 0.9,
θ3(0) =−0.25, θ4(0) = 1, θ5(0) =−0.1;

(25)

and parameter values5:

Iext = 0.5, a =−0.7, b = 0.8, ε =
1

12.5
, c = 1,

τ1 = τ2 = 0.01, γi = 1 i ∈ 1 : 5
(26)

The graphs show the identification goal achievement, which
was theoretically proved for the state estimate and numeri-
cally predicted for the parameters estimates. Moreover, an ex-
ponential envelope ≈ ±1.44e−0.0022t was built for graphs of
the parameters estimates errors. This envelope estimates the
convergence rate of the proposed method for chosen initial
data (25) and parameters (26). Let us note that although the
identification goal is achieved quite fast, which confirms the
effectiveness of the proposed approach, this process requires
more time than in case of the adaptive parameters estimation
of one FHN model13.

Now let us change initial data and remain the same param-
eters. FIG. 3 illustrates the graphs of parameters estimations
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Identification of Two-Neuron FitzHugh-Nagumo Model Based on the Speed-Gradient and Filtering 5

a)

b)

FIG. 1. Graphs of the dependence between the integration interval
length L and the smallest eigenvalue of the considered matrix ML on
intervals a) [0, 20], b) [0, 7000].

errors in case of doubled values of (25). It can be clearly seen
that this change leads to approximately twofold increase in the
convergence time compared to the previous case.

FIG. 4 shows simulation results for initial data (25) and
modified parameters values: part of parameters, which are es-
timated, (Iext , a, b, ε, c) differs by 20% from (26) and other
technical parameters (τ1, τ2, γi = 1, i ∈ 1 : 5) are the same as
in (26). It can be noted that the convergence rate of parame-
ters and theirs accuracy remained almost the same compared
to FIG. 2.

As for influence of only the systematic error of membrane
potential measurement, c, on the convergence time of the pro-
posed method, there is some correlation as it can be seen from
FIG. 5. FIG. 5a illustrates graphs of estimation errors when c
is different by 20% and initial data and other parameters are
same as in (25) and (26). It can be noticed that the conver-
gence time of parameters estimation rose compared to FIG. 2.
FIG. 5b shows that the convergence rate becomes even slower

a)

b)

FIG. 2. Graphs of a) the difference between the values of the out-
put variables x̂1 and x1; b) the difference between the values of
parameters θi and theirs estimates θ∗i , i ∈ 1 : 5 with the envelope
≈±1.44e−0.0022t for the set of initial data (25) and parameter values
(26).

when the error of membrane potential measurement is 60%.
To sum up, the time of identification goal achievement and

its accuracy depend from initial data and parameter values.
In cases when the convergence rate is slow or results is not
accurate enough additional tuning of gains γi, i ∈ 1 : 5 can be
done.

V. CONCLUSION

The obtained results show that the design of an adaptive
parameter estimation system for two FHN neuron models and
the application of the speed gradient method to this system is
an efficient way to determine the parameter values in the sit-
uation of the immeasurability of both derivatives of the mem-
brane potential and the cumulative action of slow ionic cur-
rents. To cope with non-measurable derivatives, differentiat-
ing filters were used.

The theoretical contribution of the paper is based on the
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FIG. 3. Graphs o the difference between the values of parameters θi
and theirs estimates θ∗i , i ∈ 1 : 5 for the set of initial data, which is a
doubled values of (25), and parameter values (26).

FIG. 4. Graphs of the difference between the values of parameters θi
and theirs estimations θ∗i , i ∈ 1 : 5 for the set of initial data (25) and
parameter values, which are different by 20% from (26).

theorem, which provides sufficient conditions for identifying
features for the speed gradient algorithms based on the inte-
gral objective function and was formulated and proved for the
first time. Then it was applied to the identification problem
for FHN models.

The computer simulation shows that the adaptive system
convergence rate depends on the initial data and parameter
values, but anyways, it is rather fast. Particularly, the big-
ger the membrane potential measurement error, the bigger the
convergence time. However, not too large errors do not sig-
nificantly decrease the convergence rate. Also it is interesting
that the convergence rate for two FHN neuron model is slower
than in case of one FHN neuron, which means that the more
complex the model, the more slow may be its tuning. The ad-
ditional tuning of algorithm’s gains can be done to make the
convergence faster anyway.

a)

b)

FIG. 5. Graphs of the difference between the values of parameters θi
and theirs estimations θ∗i , i ∈ 1 : 5 for the set of initial data (25) and
parameter values (26) with the error of membrane potential measure-
ment a) 20% b) 60%.

The key achievements of this paper are an accounting of
systematic error occurring in the measurement of membrane
potential and a mathematically justified algorithm for param-
eter estimation of the set of two neurons. The proposed ap-
proach may provide a new way for the modeling of neuron
population and networks and, in future, for the whole brain
modeling.
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