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ABSTRACT

An analytical framework for time-fractional magneto-thermoelasticity in unbounded domains, focusing on
heat conduction in materials exhibiting non-classical thermal behavior, are presented. Thermal transport
is strongly influenced by temperature and the internal structure of the medium; in the presence of
imperfections such as inclusions, voids, or microstructural defects, the heat transfer process often deviates
from conventional diffusion laws. To model these complex phenomena, fractional calculus is employed,
and the governing equations are reformulated using dimensionless variables. Analytical solution in the
Laplace-Fourier domain was derived, with temperature distribution expressed in terms of Mittag-Leffler
and Fox H-functions. The use of uncoupled thermoelastic theory allows for a simplified treatment by
decoupling thermal and mechanical fields. Finally, numerical inversion techniques are used to reconstruct
time-domain solutions for displacement and stress, demonstrating how fractional-order parameters
influence both thermal wave propagation and material response.

KEYWORDS

Maxwell's equations « thermoelasticity » fractional derivative » uncoupled theory

Citation: Samir N, Abdou MA, Awad E. Effect of electromagnetic waves on the thermoelastic Hookean
unbounded domains based on fractional Fourier law. Materials Physics and Mechanics. 2025;53(3): 149-164.
http://dx.doi.org/10.18149/MPM.5332025_12

Introduction

In recent decades, the field of thermoelasticity has experienced considerable progress,
particularly in efforts to construct a more robust and comprehensive theoretical
framework that accurately describes the interplay between thermal and mechanical
effects in solid materials. Despite this progress, the conventional or classical formulation
of thermoelasticity - commonly referred to as the uncoupled theory - still suffers from
two major deficiencies that have long been criticized for their divergence from
experimentally observed behavior.

The first critical limitation of the uncoupled thermoelastic theory lies in the way it
formulates the heat conduction process. In this classical approach, the governing heat
equation is entirely devoid of any terms that account for mechanical or elastic influences.
Essentially, the model treats thermal processes as completely independent of mechanical
deformations, which is a significant oversimplification of reality. In real-world materials,
especially those undergoing rapid or large deformations, temperature changes can both
influence and be influenced by the mechanical stresses and strains present within the
body. By excluding this coupling, the uncoupled theory fails to capture the intrinsic and
complex interdependence between temperature evolution and material deformation,
thereby limiting its accuracy and applicability in many practical scenarios. The second
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major flaw inherent in the traditional uncoupled theory is a mathematical one, rooted in
the type of partial differential equation used to describe heat conduction. Specifically,
the classical heat equation is parabolic in nature. While this form is mathematically
convenient and widely used, it leads to an unphysical prediction: that thermal
disturbances - often referred to as "heat waves" - can propagate through a material at
infinite speeds. This implication is clearly at odds with empirical evidence and
experimental measurements, which have consistently shown that heat propagation in
solids occurs at finite velocities. As such, the parabolic character of the classical heat
equation undermines the theory’s physical realism.

Building upon such foundational ideas, Biot [1] introduced what is now known as the
coupled theory of thermoelasticity. This theory directly addresses the first shortcoming of the
uncoupled model by introducing a mathematical coupling between the equations
governing elasticity and those governing heat conduction. In doing so, Biot’s formulation
allows thermal fields and mechanical fields to influence each other, thereby providing a
more realistic and physically consistent description of how materials behave under
simultaneous thermal and mechanical loads. However, it is important to note that while
Biot's theory successfully overcomes the issue of thermal-mechanical independence, it
does not fully resolve the second major concern. Like the uncoupled theory, the coupled
theory also employs a parabolic heat equation, and thus still predicts infinite speeds of
heat propagation - a result that remains inconsistent with physical reality. Considering
these enduring limitations, further theoretical developments have been pursued in the
form of generalized thermoelastic theories, such as those incorporating hyperbolic heat
equations or finite speed models (e.g., the Lord-Shulman and Green-Lindsay theories),
which attempt to more accurately reflect the finite speed nature of heat propagation while
retaining the essential coupling between thermal and mechanical fields. In an effort to
overcome the first major limitation of the classical uncoupled thermoelastic theory - the
complete separation between thermal and mechanical responses - Biot [1] introduced
what became known as the coupled theory of thermoelasticity. This refined model directly
links the governing equations of elasticity and heat conduction, thereby eliminating the
unrealistic assumption that temperature changes and mechanical deformations occur
independently. By integrating these two domains, Biot's theory offered a more realistic
representation of material behavior under thermomechanical loads.

Building on the fundamental principles of fractional diffusion-wave equations,
researchers have extended these ideas to the realm of thermoelasticity. In [2], for
instance, a novel approach to fractional thermoelasticity was introduced, laying the
groundwork for further exploration of thermomechanical interactions using fractional
calculus. This line of inquiry was first explored in detail by Povstenko, who presented a
quasi-static, uncoupled formulation of fractional thermoelasticity. In materials with
microstructural irregularities such as voids or impurities, thermal conductivity can exhibit
non-classical behavior which motivated the use of fractional-order models. One such
approach employs a space-time fractional Fourier law within a quasi-static theory of
fractional thermoelasticity to capture anomalous heat conduction effects [3].

At micro- and nanoscales, or under ultrafast thermal excitation, the classical heat
conduction model based on Fourier’s law becomes inadequate. Its assumption of local
thermodynamic equilibrium breaks down under these conditions, leading to inaccurate
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predictions of thermal behavior. This has driven the development of alternative models
that can capture finite thermal propagation speeds and non-equilibrium phenomena. One
such alternative is the ballistic-conductive (BC) model, introduced by Kovacs and Van [4]
(2015), which extends the classical framework by incorporating both ballistic and
diffusive thermal transport mechanisms. While the BC model improves upon the
limitations of Fourier’s law, analyses of its solutions have revealed a counterintuitive
phenomenon: partial "immobilization” of thermal energy. This effect, considered
unphysical, highlights the challenges of modeling energy transport in the transition
regime between microscopic and macroscopic scales [5].

Moreover, incorporating two-temperature and nonlocal effects into thermoelastic
models is essential for accurately predicting material response in ultrafast and nanoscale
regimes, where classical thermoelastic theory (based on Fourier’s law and instantaneous
local equilibrium) fails to capture the true dynamics. To better capture thermal behavior
in such regimes, especially during ultrafast processes like laser-material interaction,
researchers have turned to two-temperature models. These models separate the electron
and phonon subsystems, allowing for local thermal nonequilibrium. Recent extensions to
these models introduce time-relaxation and spatial nonlocal effects, enabling more
accurate descriptions of thermal transport in metals [6]. Analytical investigations have
shown that under high-frequency excitation, key thermal parameters - such as phase
velocity, penetration depth, and apparent thermal conductivity - become strongly
frequency-dependent. In particular, the apparent thermal conductivity significantly
decreases near the characteristic energy exchange frequency between electrons and
phonons [7]. This frequency-dependent behavior leads to more complex phenomena such
as thermal resonance. Within the framework of the hyperbolic two-temperature model, it
has been shown that specific conditions in electron-phonon interactions can result in
resonant thermal effects. These findings emphasize the importance of advanced
modeling strategies—particularly those that account for microscopic energy exchange
mechanisms—in accurately predicting thermal behavior in modern materials [8].

Alongside these developments, fractional-order thermoelastic models have gained
attention for their ability to describe anomalous heat conduction and memory effects. For
instance, in the context of a semi-infinite medium exposed to a temporally decaying laser
pulse, fractional models using Laplace transform techniques have successfully derived
temperature, stress, and strain distributions. These solutions, when compared to classical
two-temperature models, highlight the advantages of fractional approaches in capturing
the subtleties of nonlocal and time-fractional behavior in thermoelastic systems [9].

Complementary to these theoretical advancements, studies have also explored the
response of double-porosity materials - complex media with two interacting pore
networks - under moving loads. Using Fourier analysis and numerical inversion,
researchers have examined the spatial and temporal distributions of stress and
temperature, revealing how porosity significantly affects energy dissipation and wave
propagation. These findings underscore the importance of microstructural design in
determining thermo-mechanical performance under coupled excitations [10].

Building on this understanding of microstructural effects, further studies have
investigated systems with layered structures and initial prestress, which introduce
additional complexity into the thermoelastic response. In such systems, harmonic thermal
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excitation leads to intricate coupling between thermal and mechanical fields. Notably,
prestress conditions have been shown to alter the pole distribution of the Green function,
fundamentally affecting the system’s dynamic behavior. This alteration governs wave
propagation, energy localization, and the emergence of resonance phenomena within
layered media [11].

This paper explores the impact of electromagnetic waves on fractional
thermoelastic behavior in unbounded media. In the next section, Maxwell’s equations are
merged with fractional heat conduction to model the interaction between thermal, elastic
and electromagnetic fields. Focusing on a one-dimensional uncoupled system, the goal
is to determine the displacement and temperature, linked through hydrostatic stress. The
temperature equation is hyperbolic, derived from generalized heat conduction. Using
Laplace and Fourier transforms, the PDEs are converted into algebraic equations, solved
analytically, and then inverted to retrieve physical solutions. In the "Numerical Analysis
and Discussion” sections, we present the final analytical expressions, revealing the
influence of material parameters on wave propagation and thermal relaxation.

Mathematical problem
Governing equations

In this sub-section, we will delve into the fundamental equations that govern the
behavior of magnetic and electric currents. These equations, collectively known as
Maxwell's equations. They describe the relationship between electric and magnetic fields,
as well as their interaction with matter. Now we are going to introduce Maxwell’s
equations as the following [12,13]:

VXE = 0B VXH= +0D

T at’ =J ot ’ 1)
V-D=0,
V-H=0,

where B represents the induced magnetic field which can be expressed as B = uoH
noting that u, stands for the magnetic permeability, H describes the intensity of a
magnetic field and J represents the electric current. Additionally, D represents the electric
displacement field, which can be expressed as D = gyE, noting that g, represents the
electric permeability and E is the electric field intensity. Now we can re-write Eq. (1) as
the following:

0H o0E
VXE=—M0§,VXH=]+SOE, )
V-E=0,
V-H=0.
Furthermore, we introduce Ohm's Law that is a fundamental principle in electrical
engineering that describes the relationship between voltage, current, and resistance, and
we can express Ohm’s law as the following [14]:

]=00(5+Z—1:x3), (3)

where u is the displacement vector, g, is the electric conductivity, and by setting g, = o
we obtain the perfect conductivity, we also are going to introduce Lorentz force which
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known as the force experienced by a charged particle moving through an electromagnetic
field. The mathematical equation of Lorentz force can be described as the following:

F =] XB,

F =] X to(Ho + ), @
where H, represents the constant or background magnetic field, it can be thought of as
the main steady state magnetic field present in the system. h represents the perturbation
or small deviation in the magnetic field caused by external influences and Hy + h
together describes the total magnetic field. Due to the linearity, we can re-write Eq. (4) as
the following:

F =] X B,. (5)

The classical theory of thermoelectricity consists of the modified Fourier law
mentioned in [15]. By neglecting the electric field intensity E = 0 and h = 0, so the

induced magnetic field becomes B = uyH, providing that Eq. (3) becomes as follows:
Ju

J = oolio (E X Ho)- (6)

From the unbounded domain configuration, the displacement vector u = (u, 0,0),
the electric current vector J = (0,/,0) and the magnetic field vector H, = (0,0, H,).
Consequently, Eq. (6) becomes as the following [16]:

ou .
J = —0oouoHy 3_1: J- (7)
Additionally, Eqg. (5) becomes the following:
Ju
= —0yBy% — i 8
F 0oBo ot L (8)

The equation of motion, see [17] after inserting Eq. (8) as an expression for the
external force, we obtain the following:

0y = pil; + 0oBy” %. 9)

Consequently, by recalling the constitutive relationship presented in [17], as the
following:

0;j = 2pe;; + Aedij — xo06;;, (10)
where 1 and u are correspond to the standard Lamé constants, 8 = T — T, specifically 8
is the temperature of the medium, T is the absolute temperature and T, is the temperature
of the room, y, = (31 + 2u)ay, clarifying that a; is the parameter that quantifies the
linear dimensional change of a material in response to temperature changing or known
as the coefficient of linear thermal expansion, o;; are representing the components of
Cauchy stress tensor, §;; is the Kronecker delta function. And as mentioned above, u; is
the i-th component of displacement vector u, e = e;; = u;; = eq; + e, + e33 is known as
the cubical dilation and e;; is representing the strain tensor for linear elasticity defined

that is define as: ejj = %(ui,j + uj,i).
Now, the well-known stress-strain relation, see [18] can be modified by inserting
Eg. (9) as the following:

. ou;
pug i+ A+ W — xoT; = pil; + UoBoza_L;- (11)

At this stage, we will reintroduce the thermal energy balance equation in the
absence of a heat source in one dimension setting as the following [19]:
—qi; = pCeT + xoTo € . (12)
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where ¢ = % Additionally, it's important to revisit the core concept of heat conduction
known as Fourier's law. This principle states that the heat flux—defined as the amount of
heat energy transferred per unit area per unit time—is directly proportional to the
temperature gradient, which describes how temperature changes over distance. In
mathematical terms, Fourier's law is written as [20,21]: q; = —kT; . We will adopt an
alternative rule that will serve as the foundation for our proceeding analysis, offering a
more understanding of heat transfer phenomena under a given conditions as follows:

qi = koD T, (13)

The operator XiDZ denotes the left-sided Riemann-Liouville fractional derivative,
which is defined for a general function, further details can be found in [22-24]. Building
upon the insightful proposition by Compte and Metzler concerning the anomalous diffusion
coefficient, we propose the following functional expressions for the parameter k,:

Ko = KTI, (14)
where k is the classical thermal conductivity, T is a characteristic time constant. T will be
specified subsequently. Equation (14) becomes as the following:

q; = —kT"REDI=AT, (15)

To streamline our analysis, we will eliminate the heat flux term that appears in both
the energy balance equation (12) and Egq. (15). This will be achieved by employing a
suitable mathematical technique, as outlined below:

pCeT + xoTo € = k' *FEDI~OT ;.. (16)

Problem setting up

In this section, we will develop a mathematical framework to describe the system
outlined in Egs. (11) and (16). This system is defined over an unbounded spatial domain
—o0 < x < oo , signifying that it extends infinitely in all directions. To establish a
complete mathematical description, we must specify the initial conditions that govern
the system's behavior. These initial conditions will serve as the starting point for our
analysis and will significantly influence the subsequent evolution of the system. The
initial conditions are given as follows:

8(x,0) = 9,6(x), u(x,0) =222 =, (17)
where §(x) is the Dirac delta function assuming that the displacement initial state is
given as u(—,0) = u_,. By noticing the initial conditions outlined in Eq. (17), we
observe that the complexity of the problem can be significantly reduced to a one-
dimensional framework. This simplification arises due to the inherent nature of the initial
state, which exhibits a particular symmetry that allows us to focus our analysis along a
single spatial dimension. This means that all relevant physical quantities involved in the
problem can be expressed as functions of the spatial variable x (one-dimensional setting)
and time t. Consequently, the governing equations, represented by Eqgs. (11) and (16), can
be simplified to involve only derivatives with respect to these two independent variables,
x and t. This reduction in dimensionality significantly simplifies the mathematical
analysis and allows for more efficient numerical simulations. The simplified governing
equations are as follows:

02 oT . d
(A+2ﬂ)ﬁ_)(og=Pu+UoBoza_t: (18)
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o%T
pCEE+)(0TO Py = krleRlpl- it (19)

By employing Eq. (10) together with the previously established one-dimensional
framework, the individual components of the Cauchy stress tensor can be explicitly
calculated using the following procedure:

«= @A+ 22— xo(T = Tp), (20)

Oyy = Ozz :Az_Z_XO(T_TO)- (21)

In the context of hydrostatic stress oy, we focus solely on the normal components.
By taking their arithmetic means, we obtain a single value that characterizes the overall
pressure exerted on the material from all directions. This average pressure is what we
refer to as hydrostatic stress:

% = (24 2u) 55 = Xo(T = To). (22)
To facilitate a more comprehensive and insightful analysis of the problem, we will

introduce a set of dimensionless variables. By systematically reducing the number of

independent parameters, we can significantly streamline the mathematical model,

simplifying its interpretation and analytical processing as detailed below:
t

O'H:

X u
X>—, u->—,t-

an an’ cin’
T_)%' (Gij'aH) - (/1+2M)(Uij»0H):77 =%' (23)
T > A+2u 9 + To; 2 = /'L+2;1,
Xo P
therefore, the governing equations (18) and (19) can be rewritten as the following:
06 _ 0% 0w . du (24)
ox  ax2 oz 0%
where
__ 00By?
“o 77()1+2ﬂ)’ (25)
69 + 6 u 1— dRLDl aa 7]
oxdt 0x?
X0°>To

where € is the thermoelastic coupling constant and given as the following: e = ————— .
pCe(A+2p)

Additionally, the constitutive relations (20)-(22) can be also rewritten in the
dimensionless form as the following:

d
Oxx = az ’
ou (26)
O-yy go a - 9
where £, = ,1+/12#'
Additionally,
O'H=-£’13—1;—9, (27)
A+ 2
where ¢, = ((/1:235;

Now, we are going to use the dimensionless variable on the initial condition as
previously outlined in Eqg. (17) as the following:
0(x,0) = 0,6(x),
u(x,0) = au(xo) =0and u(—,0) =

Do
where 0, = X°A+° S

(28)

, noting that the dimensions of Dirac delta function §(x) in our context
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must be the inverse of the dimensions of x.

Solution in the transformed domain

In the subsequent analysis, we will embark on deriving an analytical solution for the
temperature field within the Laplace-Fourier domain. This certain mathematical approach
will enable us to delve deeper into the fundamental behavior of heat transfer within the
system.

To proceed, we will apply the Laplace transform on Eq. (24), as detailed below:
a6 _ #%u

il S2% — cysil, (29)
by differentiating Eq. (29) with respect to x, we get the following:

%8 _ 2% _ a5 (30)

2 — gz S € Cose.

Now, to further our analysis, we proceed by applying the Fourier transform to
Eqg. (30). This mathematical operation will enable us to facilitate the subsequent analysis
and solution of the equation as the following:
—w?0 = —w?8 — 528 — ¢,ys8. (31)
Consequently, we apply the Laplace transform to Eq. (25), resulting in the following
transformed equation:

sO — 0,5(x) + esé = Tl‘“sl‘“zzTZ. (32)

To initiate our analysis, we employ the uncoupled theory of thermoelasticity by
setting ¢ = 0, a simplified approach that decouples the thermal and mechanical fields.
This theory assumes that mechanical deformations have a negligible influence on the
temperature distribution. In other words, changes in temperature do not influence the
mechanical deformation, and vice versa. Meaning that the heat conduction equation is
solved independently and the effect of mechanical deformation on heat conduction is
considered negligible [25].

Therefore, after applying Fourier transform on Eq. (32) which allows us to analyze
the equation and get an expression for 8(w, s) as the following:

bw,s) = (@—) (33)

TA= 15042
We proceed by applying the rule of Fourier inverse transformation mentioned in [26]

on Eq. (33) as follows: :7-"‘1{ ! } = 2—1Ce‘c|x|. Therefore:

w?2+c?
0(x,s) = %Wexp(—\/ra‘lsalxl). (34)
And subsequently, by simplifying and performing the technique of partial fraction

decomposition to further simplify Eq. (31), we obtain an expression for é(w, s) as the
following:

2 Qor¥ 1sa-1 —(s%4cys Td-1ga
é(w,s) = — ( (5 +605) )

- T5a_g2 e 24ra-1ga (35)
T 15@—g52—cos \w?+s%+cps  w?+71%71s

Within the following discussion, we are going to calculate the temperature within the
material. Starting by reformulating Eg. (33) to convert the temperature function from the
Laplace domain, characterized by the complex variable s, back to the time domain,
characterized by the real variable t, we employ the inverse Laplace transform as follows [27]:

0(w,t) = L_l{ e } = QgEq(—w?t'7%t?), (36)

sy wirl-a



Effect of electromagnetic waves on the thermoelastic Hookean unbounded domains based on fractional Fourier law 157

where the symbol E,(-) denotes the Mittag-Leffler function with one parameter «, see

reference [28] for more details. By applying the inverse Fourier transform to Eq. (36),

referencing the relationships (A.10) and (A.20) in [18], we can derive a closed-form
expression for temperature, as follows:
al _ 1,1 2. 1-a,a (0'1)

0(w,t) = OoH;’, [a) T % 0,1), (0, )]

Upon applying the inverse Fourier transformation to Eq. (37), we arrive at the

following outcome:

1 a

1 )%X 2,1 x? (5,1),(1—5,a)

0(x,t) = %(fl—at“ Hy’3 J271l-aga (0,1) (} 1).(1 1) )
AT RA P

The symbol HZ,"’;I"[-] represents the Fox H-function, a mathematical function defined
in terms of the Mellin-Barnes integral, as outlined in reference [29] and. When examining
the solution represented by Eq. (38), we notice that the closed-form expression of this
solution can be modified or transformed. The objective of the following analysis is to
determine the analytical solution for é(w, s), while numerical integration techniques can
provide approximate solutions. To proceed with the analysis, we will apply the following
inverse Fourier transform to Eq. (35) [26]:

(37)

(38)

1
Q7% 1s%71 —(s2+¢os)? (_ 2 1 )
é(x,s) = e Tses?cas > exp (—(s* + cos)z|x| ) +
(39)
1
a—1.a\5 1
+¥exp (—(r“‘ls“)flxl) .

To determine the displacement, we perform an integration of Eq. (39) with respect

to the spatial variable x. This approach is based on the relationship given by e = Z—u:

X
(I, + 1), 40)
recalling that ii(—co,s) = —11 —(s% + cos)zf_oo e~(s2+e0s)El g | | = (ra-igay; J* e s el gg
based on the sign of x. Specifically, when x > 0, the absolute value simplifies to |x| = x,
while for x < 0, the absolute value becomes |x| = —x. To proceed systematically, we first

analyze the case where x > 0. Under this condition, the first and second integrals are
reformulated accordingly, and their expressions are derived as follows:

1 1 1
I, = _(52 + ¢y5)2 <f_000 e—(52+cos)2|f|df + fox e—(52+cos)2|g|d€>’ (41)
by replacing ¢ = —X therefore dE = —dX into the first part of integral (41) as
= — (5% + ¢y9)2 <f e~ (s +COS)ZXdX +f e—(s? +CoS)25d§>

@()T

—

10, 5) = -, 5) + 20

NI»—l

1 (42)
I, = e—(sz+cos)5x —92
And similarly for I,:
I = @5 (f_"oo R “V'f'df)
1 (43)

:(Ta_lsa)%<foooe (ala)zxdx++f ala)2§d€>_2_ (a 1a)zx
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Therefore, in case of x > 0 the displacement i (x, s) is given by employing Egs. (42)
and (43) into Eq. (40) as the following:

e 1 1
fi(x,s) = L2 4 20 i <e‘(sz+605)2x — e"(fa_lsa)z’C), x > 0. (44)

s 274" 15X g2 )5

Subsequently, we examine the second case, where x < 0, and incorporate this
condition into the evaluation of the first and second integrals, denoted as I; and I, as the
following:

L= —(s® + cos)? (f_"w (5% el g IN e-(sz+605>%lfldf>, (45)
by replacing & =-X therefore d&=-dX into integral Eqg.(45) as:
I = ~(s? + cos): (f;" et fx gy 4 [° e—<s2+cOs>%xdx> _ _e(straskx

And similarly, for I,:

I, = (Ta—1sa)§ (f_o —(z*1s “)Zlfldf f @ 1s “)2|f|d§>
. (46)

— a 1 Ol) <f e Ta-1g a)szX + +f a—1g a)szX> (Ta—lsa)ix.

Therefore, in case of x < 0 the displacement #i(x, s) is given by employing Egs. (45)
and (46) into Eq. (40) as the following:

a-lc.a-1

1 1
a(x,s) = U'S°° I <e(7“_15“)2x - e(sz’”os)zx), x < 0. (47)

2797 1s%—s2—cys

By considering the contributions from all relevant components or elements, the

displacement in the Laplace domain can be expressed collectively in the following form:
1

1
Ueoo 0,7 1501 e—(52+cos)2x _ e—(r“‘ls“)zx’ x>0,

ii(x,s) = (48)

—1e@_c2_ 1 1
s 274" 1@ g2 ¢4 e(.l_a—lsa)zx _ e(sz+cos)2x x < 0.
To determine the hydrostatic stress in the Laplace domain, we formulate the

expressmn as follows
At this stage, we proceed by substituting the appropriate expressions from Eqgs. (34)
and (48) into the previous formulation Eq. (49) as follows:

1 1
5= 9 | U_w 0or% 1571 e—(52+cos)2x _ e—(‘r“_ls“)zx’ x>0
H=1t15- - L ) -
ox s 27215245 1 1
0 e(.l.a—lsll)zx _ e(52+C05)2x' x <0 (50)

(G)o\/‘ra 1ga—2 ,/Ta 1s“|x|)
2

Numerical analysis and Discussion

In this section, we reconstruct the solutions for displacement and hydrostatic stress in
the physical domain using a suitable numerical technique. One of the most effective
methods for inverting the Laplace transform is the application of the "Durbin” method or
the "modified Dubner—Abate” formula [30].
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NSum

(2] -

flx,t) = Zit {— %f(x, a)+ R lzk=0 f (x, a+ 2:1”() cos

zz:ﬂ f (x a++ Zzlk) sin (Zﬁt)l},

where the parameter T, satisfies the inequality 0 < t < 2T;. The number of summed
terms, represented as NSum, typically ranges from 10> for small time values to 107 for
larger ones. values of time to yield stable results with negligible error given by the
following:
ERROR(a,t,T; ) = Y., _ e 2%Tif (x, 2kT; + 1). (52)
The implementation of series (51) can be carried out using an appropriate symbolic
computation software. Programs such as MATHCAD or MATLAB provide powerful tools for
handling symbolic calculations. On the other hand and before implementing the previous
series, we have obtained an exact solution for the temperature in Eq. (38), which can be

computed by the series expansion of the Fox H-function [29] as the following steps:
1

(51)

o~

—A

) 1 \2
0(x,t) = 2 (smms)” (0206, + 6,(x, ), (53)
to obtain 6, (x,t), we are going to use b, =b; =0, B, = B; =1 and bty v, then we
1
get the following:
_ve DY kP \_TG)rG)
Hl(xp t) _szo V! (szl—ata) F(%H/)F(l—%—av)' (54)
Similarly, for 6,(x,t) we use by, = b, = % B, =B, =1and b;i = % + v, then we
2
get the following:
1 1
o (-1)V |x|2 E+V F(E—(1+V))F(1+V) 55
0,(x,t) = Xvzo V! (2211-%“) r(@+)r(1-a@+v)) ()

For our numerical computations, we have chosen copper to be our material. We will
use its physical properties measured at room temperature (300 K) in our mathematical
models to simulate its behavior under various conditions. Since 7= 1/c?n ,
the dimensional characteristic constant t is selected such that the dimensionless
constant in all closed-form expressions and their series expansions equals one. Unless
explicitly stated otherwise, we will adopt the following specific values for the material
properties in our calculations. These values will serve as the standard parameters for the
material unless alternative data is provided.

a=171=001 0,=1, cg=4.36d—4. (56)

Equations (53)-(55) serve as the mathematical formulas directly applied in a
numerical technique to compute the temperature. The infinite series within these
formulae were approximated by summing the first seventy-one terms. Utilizing their
series representation, we visually illustrate the temperature distribution in Fig. 1, that
clearly demonstrates that the magnetic field has no influence on temperature, as there is
no coupling between the two; g, = 0. In Fig. 1, the temperature distribution is evaluated
for different values of a, at @ = 1 the curve leads to the normal distribution. Varying a
reveals the impact of anomalous thermal conductivity. Specifically, for smaller values of
a, the system exhibits low thermal conductivity, whereas larger values of a correspond
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to higher thermal conductivity, leading to a wider temperature distribution within the
medium.

tempreture at different values of @

X

Fig. 1. The temperature distribution evaluated for different values of a

Figure 2 shows the fractional-order parameter « fixed at a representative value of
0.5, while the temperature distribution is analyzed at multiple time instances:
t =0.1,0.5,1,5and 10. Initially, the temperature exhibits a sharp peak near the origin
due to the localized thermal disturbance. As time progresses, the peak diminishes and
the distribution extends symmetrically, reflecting the diffusion of heat through the
medium. This approach allows for the understanding of the temporal evolution of thermal
propagation under anomalous heat conduction conditions. The observed behavior shows
the effect of time on the diffusion of thermal energy in a medium governed by non-
classical (fractional) thermal conductivity, where heat spreads more gradually and the
profile undergoes significant changes in shape as time progresses.

tempreture at different values of time

O(x,t)

Fig. 2. The temperature distribution for various time instances ¢, illustrating the temporal evolution of the
thermal field

In Fig. 3, the displacement field u(x, t) is presented for t = 1 and various values of
the fractional parameter a, showing the impact of anomalous thermal conductivity on
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the mechanical response. As a decreases, the displacement profile becomes sharper and
more localized, indicating stronger non-local effects and delayed thermal diffusion. This
behavior indicates a significant limitation of thermal diffusion, resulting in a reduced and
more constrained mechanical response. Consequently, the displacement field tends to
freeze. In contrast, under normal (classical) thermal conduction, the thermal energy
propagates more rapidly through the medium, leading to a broader and more extended
displacement profile over space and time. This demonstrates the influence of fractional-
order behavior on the deformation characteristics of the material, while Fig. 4 represents
the displacement at a = 0.5 and different values of time t = 0.1,0.5,1,5 and 10. The
results demonstrate that, as time increases, the displacement propagates and smoothens,
showing the diffusive nature of the underlying thermoelastic response. The observed
behavior also emphasizes the time-dependent influence of anomalous thermal
conductivity on the mechanical response of the medium.

Displacement at different values of &

- a=1
a=107
— a=05 04
— a=103
— = 0.1

Fig. 3. As the thermal conductivity decreases—represented by lower values of the fractional parameter a
is the displacement profile becomes increasingly localized and exhibits sharper curvature near the origin

Displacement at different values of time

t=0.1
—_—t=05

—_t=1
—_ t=5
—_—t=10 04

=

u(x, t)

Fig. 4. The spatial profile of the displacement u(x, t) illustrated for various values of time ¢, highlighting
the temporal evolution of the displacement field
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Figure 5 represents the hydrostatic stress at t = 1 and different values of a which
reveal a significant role of the fractional-order parameter in governing the thermoelastic
behavior of the material. As a decreases, corresponding to stronger anomalous diffusion
effects, the stress profiles exhibit sharper gradients and deeper dips. This indicates an
intense stress concentration. Figure 6 demonstrates the temporal evolution of the stress
field, as time progresses, the stress profile becomes increasingly, well-defined and
exhibits greater symmetry about the origin, with the peak values shifting spatially and
magnifying in magnitude. The results show that, over time, the stress profile becomes
clearer and more symmetric around the origin, with peak magnitudes shifting and
deepening. This behavior reflects the dynamic coupling between thermal diffusion and
mechanical deformation, further influenced by the anomalous heat conduction
mechanism.

Hydrostatic stress at different values of a

1 2

ay(x,1)

_—a=1

a=07
— =05
—_ a=103
— @ =0.1

Fig. 5. The distribution of hydrostatic stress represented for various values of the fractional parameter «,
illustrating the influence of anomalous thermal conductivity on the stress response

Hydrostatic stress at different values of time

Fig. 6. The variation of hydrostatic stress presented for different time instances t, showing the temporal
evolution of the stress field
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Conclusions

The interaction between electromagnetic fields and fractional-order thermoelasticity in
unbounded domains was studied. By incorporating Maxwell’'s equations into the
governing system and applying Laplace and Fourier transforms, the uncoupled equations
for temperature and displacement are solved analytically. The analysis reveals the finite-
speed propagation of thermal and mechanical waves and highlights the effects of
material parameters on the system’s response. Analytical techniques are employed to
solve the system, revealing that the electromagnetic effects do not significantly influence
the temperature.
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