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ABSTRACT

The onset of double-diffusive convection in a non-Newtonian nanofluid-saturated porous layer is
investigated under the effect of internal heating and various boundary conditions. A non-Newtonian
nanofluid is modeled using the Buongiorno framework for nanoparticles combined with the Jeffrey model
for viscoelastic fluid behavior. The governing coupled differential equations are reduced to ordinary linear
differential equations via the normal mode method, the Boussinesq approximation, and linear stability
analysis. Eigenvalue problems are solved using realistic boundary conditions to determine the stationary
Rayleigh numbers, which describe the initiation of non-oscillatory convection in terms of non-dimensional
controlling parameters. This work is motivated by practical applications in geophysics, energy engineering,
and materials science, where non-Newtonian nanofluids in porous layers are subjected to internal heating,
such as in geothermal reservoirs, enhanced oil recovery, and thermal management systems. The analysis
demonstrates that reduced particle density and internal heating promote convection, whereas porosity,
solutal Rayleigh number, concentration Rayleigh number, and modified diffusivity ratio stabilize the
system. Furthermore, reduced particle density enhances instability, while the Jeffrey parameter introduces
viscoelastic effects that weaken stability without altering convection cell size. These findings provide new
insights into the stabilization and destabilization mechanisms of nanofluid systems, with implications for
designing advanced energy and material processing technologies.
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Introduction

A type of convection called double diffusive convection is driven by two slopes that have
different diffusion rates. Several industrial areas are very interested in this phenomenon,
such as putting nuclear waste underground, making binary mixtures solid,
electrochemistry, magma chambers, the earth's oceans, and oil drilling. This convection
also helps us understand how convection works in the sun, where warmth and helium
move around at different speeds. A lot of study has been done on the phenomenon of
double diffusive convection, especially in relation to salt fingers in oceanic settings.
Stern [1] wrote about the conditions that allow rhythmic motion to be seen, meaning that
warmer, saltier water is below colder, less dense water. Huppert and Turner [2], on the
other hand, found that binary convection (double diffusive convection) can happen with
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two parts in the fluid layer and cause motion to stop in the shape of salt-fingers.
Dougall [3] did a thorough study on binary convection in a solute-solute pair caused by
molecular diffusion. Kafoussias and Williams [4] did a study to look at how the Soret and
Dufour factors affected boundary layer flow in laminar mixed convection and mass
transport with viscosity that changes with temperature. Kuznetsov and Sheremet [5] also
did a numerical study on binary convection in holes with Soret and Dufour effects, taking
into account heat transfer through solid walls. Lotfy et al. [6] analyzed Hall current and
microtemperature effects on rods, and ramp-type microtemperature heating in rotator
semiconductors, highlighting coupled elastic, magnetic, plasma, and thermal
interactions. Lotfy et al. [7] applied hyperbolic two-temperature theory in 1D, showing
strong effects on displacement, stress, and carrier density. Lotfy and ELl-Bary [8] extended
this to 2D microstretch models under photothermal transport, while Ismail et al. [9]
examined variable thermal conductivity impacts on thermal-plasma-elastic waves. These
studies underscore the critical role of coupled mechanical, thermal, and electromagnetic
effects in optimizing semiconductor behavior.

Researchers are very interested in using nanofluids because they have unique
properties that make them better at conducting heat. These properties come from mixing
nanoscale particles (such as oxide ceramics, metal carbides, nitrides, and metals or carbon
nanotubes) with a base fluid (such as ethylene or triethylene glycols, water, alcohol, and
polymer solutions), with Choi [10] being the first person to suggest this idea. These fluids
are used for many different things, such as making nano-composites,
bio-pharmaceuticals, oil digging, building nanostructures for transportation, and cooling
electronics. Nanoparticles come in different types, each with its own unique optical,
magnetic, mechanical, and thermal qualities. These include metal oxide ceramics like
AL,Os or CuO, Zn0, and TiO,, nitrides ceramics like ALN or SiN, and metals. A lot of experts
have made a lot of models to show how well nanofluids conduct heat. Maxwell [11] was
the first person to study the thermal conductivity of colloidal solutions. This is a comparison
of the thermal conductivity of fluids and particles. The Lattice Boltzmann model was used
by Xuan et al. [12] to look into how heat moves through nanofluids. Buongiorno [13]
studied nanofluid transport to find out how the relative speeds of nanoparticles in a normal
fluid and a fluid with nanoparticles could be compared. A lot of researchers have used the
modified conservation equations of motion to look into how thermal instability starts in
nanofluids and nanoparticles, taking into account the effects of Brownian diffusion and
thermophoresis. The main goal of the studies was to look into various mixtures of
parameters and boundary conditions, either by themselves or with others.

Unlike the Oldroyd-B or Maxwell models, the Jeffrey model employs a single
relaxation parameter that efficiently captures the viscoelastic behavior of the fluid
without overcomplicating the governing equations. Jeffrey Nanofluid is a type of
nanofluid that contains tiny particles mixed into a Jeffrey fluid. A Jeffrey fluid is a non-
Newtonian fluid that shows shear thinning behavior, which means that as shear rate
increases, viscosity decreases. Adding nanoparticles can improve the fluid's thermal and
rheological qualities, which means it can be used in more situations. Some of these uses
are making polymers, coatings, and composites better and more durable, controlling
spacecraft, satellites, and other aerospace systems, and improving the performance and
thermal efficiency of solar collectors and other energy systems. Additionally, Jeffrey
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Nanofluid can be used in heat sinks, drug delivery, tissue engineering, and other
biological tasks. It can also be used as a drilling fluid or a hydraulic fracturing fluid.

A lot of people are interested in studying double diffusive convection in Jeffrey
nanofluid flooded porous layers because it has many uses in energy systems,
environmental engineering, and industrial processes. A lot of research has been done to
look into what happens when two types of convection mix in a layer that is both fluid
and porous and full of nanoparticles. Umavathi and Sasso [14] looked into convection in
a binary porous layer that was filled with an Oldroyd nanofluid. Yadav et al. [15] looked
into the phenomenon of binary convective motion in a porous layer filled with Kuvshiniski
fluid. They found that raising the Kuvshiniski parameter lowers convective heat transfer
while raising the thermal Rayleigh number and the solute Rayleigh number increases
both heat and mass transfers. Shoaib et al. [16] looked into the two-way flow of nanofluid
on a flat, sloped surface that was saturated and porous. To do a full analysis, their study
used an Al-based system with a balanced back propagated network. According to the
results, as Gr goes up, so does velocity. The magnetic field parameter and angle of
inclination, on the other hand, show the reverse trend.

More and more people are interested in studying free convection in fluids that
contain internal energy. This is mostly because nuclear power engineering needs to get
better all the time. The study of convection caused by internal heat sources has many
uses in many fields, such as astrophysics, geophysics, thermal ignition, downsizing
electrical parts, fire dynamics, combustion processes, and more. Researchers are looking
into how an internal heat source affects the start of thermal convection in different types
of fluids because the heat source makes the fluids float more, which changes the way
heat and mass move through them. Experiments and computer simulations have both
been used to look into how internal warmth affects natural convection in classical fluids.
Sparrow et al. [17] looked at how internal warmth affects free convection and found that
it makes the fluid layer more likely to become unstable. Watson [18] looked at how both
internal heat sources and sinks affected the system and found that both of them made
it less stable. Israel-Cookey et al. [19] looked into how thermally unstable a porous
fluid layer is when internal warmth is added. The Darcy-Brinkman model was used
by Yadav et al. [20] to look at how an internal temperature affects the start of nanofluid
convection in a porous medium. The researchers found that the porosity has a calming
effect on the system and the nanofluid Lewis number has an unstable effect. Sharma and
Sharma [21] examined influence of heat sources and relaxation time on temperature
distribution in tissues. Altawallbeh [22] did research on binary convection in a viscoelastic
fluid porous layer with an internal heating. They found that when the thermal Rayleigh
number is below the critical value, an increase in internal heat causes the Sherwood
number to drop. Combined effects of Brownian motion and viscous dissipation on heat
transfer and temperature distribution of Al,Os /water nanofluid flow through a porous
medium have been explored by Bouazizi and Turki [23]. Sharma and Khator [24,25]
explored some problems of renewable sources with regard to power generation planning.
A study by Ali et al. [26] used numbers to look into convection in a binary anisotropic
porous layer that was rotated and heated from the inside. They found that warmth from
the inside speeds up heat transfer, which makes it easier for thermal convection to start
inside the system. The nanofluids’ viscosity prediction through interaction layer of
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particle-media have been investigated by Syzrantsev et al. [27] and draw fundamental
understanding of the rheology of nanofluids (dispersions based on SiO, and ALOs
nanoparticles). Abo-Dahab et al. [28] studied numerical estimation of the Double diffusive
peristaltic flow of non- Newtonian Sisko nanofluid through a porous medium inside a
horizontal symmetrical flexible channel under the various impacts due to specific
boundary restrictions. Paandurangan et al. [29] investigated the heat and mass transfer
in mixed convection peristaltic flow of Casson nanofluid through an asymmetric
permeable channel filled with a porous medium in the presence of electro osmosis.

Recent advancements in porous media modeling have highlighted the importance
of fractional and nonlocal approaches to capture anomalous diffusion and long-range
interactions [30-32]. Such models allow accurate representation of spatio-temporal heat
transfer and microstructural effects in complex media. Simultaneously, thermoelastic and
viscoelastic nanofluids have gained prominence in energy systems, including solar
collectors and thermal management devices, where enhanced heat transfer and stability
are crucial [33,34]. Incorporating viscoelastic fluid behavior with advanced nanofluid
formulations enables better prediction and control of convective processes, bridging the
gap between theoretical modeling and practical energy applications. Raza et al. [35]
investigated that nanofluids offer superior thermal conductivity compared to
conventional fluids, with hybrid types like AL,LOs—MWCNT enhancing heat transfer by up
to 79 %. Their complex behavior challenges standard numerical methods, making
multiscale modeling and Al-based techniques such as ANN, CNN, and RNN essential for
predicting thermophysical stability and optimizing performance. Integrating
experimental results with computational and Al-driven models is key for developing
efficient, scalable nanofluid-based thermal systems.

Although the present study uses classical integer-order derivatives, the framework
can be extended to include fractional-order or non-local effects, enabling the modeling
of memory-dependent transport and long-range interactions in porous media. Such
extensions would allow a more accurate representation of anomalous diffusion and
complex thermal responses in nanofluid systems.

Because internal heat sources can be used in many different ways, we looked into
how internal heat sources affect the start of binary convection in nanofluids with changed
boundary conditions. Using the Jeffrey model with no nanoparticle volumetric flow helps
to explain the rheology of the fluids. Unlike earlier works that studied Newtonian
nanofluids or simplified viscosity models, our approach captures the influence of
viscoelastic effects (through the Jeffrey parameter) together with nanoparticle migration
and internal heating. This provides a more realistic framework for non-Newtonian
nanofluid convection extending traditional models and offering improved predictive
capability for thermoelastic behavior in porous structures.

Mathematical formulation

Two parallel xy lines hold in place a horizontal layer of a binary Jeffrey nanofluid that
can't be squished. The temperatures in the lower and upper planes are shown as T, and
T,at z=0 and z =d respectively with (T, > T,). The system is given a small
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temperature difference, |Z—Z| and the nanofluid has a constant heat source inside it, Q,.
The system is also affected by a gravity field, g(0,0, —g) which can be seen in Fig. 1.

Jeffrey nanofluid layer ====
with internal heatlng ---=

il :
SFRRT R R o

Pol(P1 = $q) Ty (T, < Tp) Co(€y = Cq)

Fig. 1. Geometrical configuration of the system

The model is built under the following assumptions:
1. The nanofluid is incompressible and satisfies the Boussinesq approximation.
2. The porous medium obeys Darcy’s law.
3. Fluid rheology follows the Jeffrey viscoelastic model.
4. Nanoparticle transport is governed by the Buongiorno model, including Brownian
diffusion and thermophoresis.
5. Heat generation within the porous layer is uniform.
6. ALl thermophysical properties are constant except density in the buoyancy term.
7. Boundary conditions are taken as realistic experimental configurations. These
assumptions simplify the coupled governing equations into an eigenvalue problem,
solved by the Galerkin approach.

The equations that describe the flow, concentration, momentum, and thermal
energy of Jeffrey nanofluid under the Boussinesq approach are [13,20,36-40]:

q= 0 (1)
[ +2(q-7)q| = [¢pp + (1 = IprA1 = BT = To) + B'(C = C)}]g = VP — o i )
2 +2(a-1 =7.|Ds7 +2vT] (3)
( PO 5+ 2L (q - IT = V. Ueg. VT) + (pC), VT [ DV + 22 VT | + Qo )
(PO m 2 + @( V)C = V. (k.. VC). (5)

Different symbols in the above equations stand for different amounts of matter.
Here, q, g, T, C, p,&, A pp, pr, @, B, B, ks and u stand for the Darcy speed, the
acceleration due to gravity, the temperature, the concentration, the pressure, the porosity,
the Jeffrey parameter, the density of the nanoparticles, the density of the base fluid, the
volume fraction of the nanoparticles, the thermal expansion coefficient, the solute
expansion coefficient, the permeability of the porous medium, and the viscosity. Also,
(pc) £,(pC)p,(pC)m, Dp, K7,k and Dr stand for the heat capacity of the fluid, the heat
capacity of nanoparticles, the heat capacity of the fluid in a porous medium, the Brownian
diffusion coefficient, the thermal conductivity, the solute diffusivity, and the
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thermophoretic diffusion coefficient. Dufour type and Soret type diffusion are not taken
into account. Adding a term called "Q," to the heat equation is a typical way to deal with
an internal heat source.

It is thought that both limits are stress-free and keep their temperatures the same.
There is also a small amount of volume fraction flow of nanoparticles. As a result, the
following border conditions must be met:

w=0,T=T, C=C, Dg ¢+?‘3—T_0 atz=0,
(6)
w=0T=T, C=C, DBaa¢+ﬁ3—T_0 atz = d.

This reflects the physical reality that nanoparticles cannot penetrate solid
boundaries, making the setup experimentally realizable. The base concentration and
solute profiles are assumed linear, representing an initially uniform preparation of the
nanofluid. These boundary conditions allow accurate modeling of the coupled transport
of heat, solute, and nanoparticles, capturing the essential physics of double-diffusive
convection in a confined porous medium while maintaining consistency with laboratory
conditions.

Introducing the variables with no dimensions such as:

(xyZ) _4a _ om x _ (@n=do)
(x%y"27) = 4" = am 9 od? sazls Pn (p1-¢0)’ (7)
c_ecp) o _(T-T) . pky
== T =
Qa’ qd, == 7 P T

we can write Eqg. (1) through Eq. (5) in a form that doesn't involve dimensions by changing

T oto LM and AT to T, — Ty:

Am (pS)f (po)f

V-q=0, (@)

—{“’+ 7}q: o= = Up — Ry — Ry + BT =25, 9)

o dt sq q 1+)L P = fn Le

< + —( V)T = \72T + 2 (V. VT) + =222 ”A”B (VT.VT) + H,, (10)

1 a¢ _ 12 Nap2

TRt V=7 ¢+an T, (11)

S+i(q-MC=prC 12)
Here R, [¢°pP+(ta¢°)p]gdk1 is the basic density Rayleigh number,
_ P9Bdki(Co—Cq) . . _ _Dr(To-T) - e

R, = = e is the thermal Rayleigh number N, Do T (b0 is the modified

e(pc)p(Pp1—o) -
(po)y

D, = —1, the Darcy number, B. = —, the Prandtl number, V, = —, the Vadasz number,
d? pa Da

diffusivity ratio, Nz = is the modified particle density increment. We have

m

Ln:Z—m, the Lewis number, Le:i_’ the Lewis number due to salinity,
B

R“:W’ the thermal Rayleigh number and R, _ (pe- pf)i:il Pogdks

concentration Rayleigh number. The dimensionless internal heat parameter is shown by
Qod?
kr (T1=To)’

the

The dimensionless internal heat parameter is shown by H; =
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Basic flow and perturbation equations

We look at a nanofluid that doesn't move or settle over time and doesn't have any floating

nanoparticles. It is thought that changes in temperature, pressure, and the bulk fraction

of nanoparticles only happen in the z-direction. In this case, the answers to Eq. (8) through

Eqg. (12) lead to this state:

qp = (0,0,0),p = pp(2), T = Tp(2), ¢ = Ppp(2), C = C,(2). (13)
Using Eq. (13), Egs. (8)-(12) give:

O°Ty | 9Ty (Npddy | NaNpOTY Ly _

0z2 0z (Ln dz + Le az) +H; =0, (14)
d°T 9%¢

YT (15)

la Cp _

Loz = O (16)

When you do a single integration of Eq. (15) with respect to variable z and include
the boundary surfaces (6), you get:

Ny 24 2=, (17)
When you plug in Eq. (17) into Eq. (14), you get:
02 Tb (18)

When we do a double integration of Eq. (18) with respect to the variable z and keep
the border conditions (6) in mind, we get the following result:

Ty=(2-1)z-222+1. (19)
Putting Eq. (19) into Eq. (17) and integrating gives us:

¢y = —2 (=2 — 2Hsz + Hy), (20)

C,=—2z+1 (21)

To check the stability of the physical system under study, tiny changes are made to
the starting flow. This lets us look more closely at:
q=qb+q,'T=Tb+Tll¢=¢b+¢I'C:Cb+CI’ (22)
where ¢' = (v, v, w"), T, C'and ¢’ are the changes in physical quantities.

By using Egs. (19)-(21), along with perturbations from Eq. (22) in Eq. (8)-(12), we
get the non-dimensional linear perturbed equations that look like this:

(o) = ~1 7P~ Rad + Ra T‘_e 22
ot (Hy =2 = 2Hyz) = VAT + 32 (Hs — 2 = 2H;2) 520 + A2 (Hy = 2 = 2H,) 3, (24)
ii‘fn (1—Hy +2H z)NA=—V2¢+”AV2T (25)
¢ _a_1p2

ot s_LeV C. (2€)

We get the following expression when we take variable p out of Eq. (23):
2
{ﬁ% + =1 7?w = (—R,VZ¢ + R, VT — BIE). 27)
To get exact answers for Egs. (23)-(26), we use a normal mode analysis to look into
the changed physical values. In this method, the variables are given horizontal wave
numbers and a growth rate as:
[[W,T',C", @'l =[W,0,¥,®|(2) exp{st + i(kex + kyy)}, (28)

where k,, kyand s all mean what they're supposed to.
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Using Eq. (28) along with Egs. (23)-(27) and making sure that conditions (19), (20),
and (21) are met, we can get the following set of stability equations:

1 2 _ 2 2 2 _ RSaZC

(U—Vas 1”) (D? — a)W = [{R a?¢ + Rya?T — 2= }] (29)
SO +— (H —2-2Hz) = [(D2 —a?)o + = (Hy =2 = 2H;2)De + N;LNB (H, —

" (30)

—2- 2HSZ)D9],
sW —= == (D2 - a®)¥, (31)
~s® + - (1+ 2H,z — H)N, = — (D2 — a?)® + =2 (D% — a?)0. (32)
The boundary conditions (6) change to:

W=D*W=0,Dd+NDO=0,0=0¥=0 DY =0atz=0andz=1. (33)

There is a linear eigenvalue problem for the temperature Rayleigh number that is
made up of Egs. (29)-(32) and boundary conditions (33). We use the Galerkin method to
find exact solutions to Egs. (29)-(32) that don't are easy and meet the boundary
conditions (33). For example:

W =A;sinmtz, @ =B;sinntz, ® =—-C;Nysinnz, ¥ =D,sinmz, (34)
where A4, B;, C; and D;are unknown coefficients.

We can find the thermal Rayleigh number for stationary convection by putting s = 0
in Egs. (29)-(32) and integrating each equation separately over the range of 0 <z<1

while applying the boundary conditions (33). There, we have it:
(r?+a?){a?+n?}e{(n?+a?)Ly+HsNaANg(1+Na)} . Ni{—(m?+a?){1-Ly}+HsNaANB}Ry

S —
Ra = a2(1+){(w2+a?)+HsN3Ng} {(m2+a2)+HsN3Np} + 75
(n +a?){(n?+a?)Ly+HsNANB(1+N 4)}Rs (35)
a?Lp{(m2+a?)+HsN5Np}

Now special cases arise:
Case (I): for case (l), if the fluid base is very thick and doesn't have any heat sources
inside it (A = 0,Hy = 0,) Eq. (35) reduces to:
s _ (140" (@etONaRn | Ry
Ra="—3 st (36)
the results found are very similar to those of the previous study by Yadav et al. [20].
Case (ll): If there are no nanoparticles or salt, i.e,R; = 0,R, = 0,N, = 0, Eq. (36)
gets even smaller, to:
(m? +a2)
RS =——, (37)
the result that was seen is in line with what Lapwood [41] found.

N

R‘;) = 0 to find the critical wave number
a/a?=q?

: . d
We use a mathematical expression (a

and its corresponding critical stationary thermal Rayleigh number Rj. This gives us a
polynomial equation with the variable a2as:
el (a®)* + 21%(a2)3e(n? + H,NZNg) + (a?)?HL,NZNg[{eH;N,(1 + N,)Ng +
+L,(m?*(3)e + (1 + HNZR,)} — (1 + D{m?L,, + H,N,(1 + N,)Ng}R, —
—HNyNgL,{(1+ Ny)(m?¢) + (1 + A)NZR,, — (1 + A)N4Rg}] — 2a?m?{L,m? + (38)
+H,NyNg (1 + NOYm2el, + (1 + D} — 2 {m? + HyNEN (L, w2 +
+H;NyNg(1 + Np))(m%ely, + (1 + D)R,)} = 0.
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If the fluid is reqgular and there is no salt in it or any internal heating, i.e, Ny = R, = 0,
R, = 0 and H; = 0, then Eq. (38) gives us the critical wave number (a. = ) and the critical
thermal Rayleigh number (Ra, = 4m2), which is very close to what Lapwood [41] suggested.

The effect of the dimensionless parameters Hg, A, R,, R,, and L, on the stationary
OR; OR; OR; OR}, OR;

a, a' a S aand —&
dHy’ 04 " ORs *ORy ALy

convection for Jeffrey nanofluid is studied by figuring out . If you

plug in Eq. (35), you get:
ORG _ (a?+m2)[{1+(1-Lp)N 2}IN 4N [(a?+7?)e+a?(1+A)N? oRy |
dHs a2(1+/1){(a2+1t2)+HstlNB}2 )

From Eq. (39) we can see that ZI:,Z >0or<Oforl1>1L,orl<L, Butl>L,isnot

N

possible with the parameter numbers that were chosen. Because of this, an internal heat

source makes a machine less stable.
Equation (35), which gives:

oR; _ (a*+m®)[(a?)]e[(a®+m?)Ln+HsNANp(1+N 4)]

oA a?(1+2)2{(a?+m2)+HsN2Ng) ’

(39)

(40)

where Eq. (40) demonstrates that % > 0. As a result, the Jeffrey constant makes the

system under consideration more stable:
oR _ (a?+m?)(1+b)[(a?+m?)Ln+HsN4Np(1+N 4)]
Rs a?Ly{(1+b)(a?+m2)+HsN3Np}

, (41)

where Eq. (41) shows thatg—? is positive for all wave numbers. Thus, the Rayleigh number

due to salinity enhances the stability of system.
AR _ Ni[(a?+7m2)(Ln=1D)+HsNpN 4] 42)

ORy {(a2+n2)+H;NpN3}

N
That means Z%is positive for L, greater than 1. In this way, the concentration
n

Rayleigh number makes a system more stable:
ORS, Ln{(az+n2)2{a2+n2}s+a2(1+/1)(a2+n'2)Nfan} (a2+n2)2(1+A)Rs
L, a2(1+)Lp{(a2+m2)+NgH N5} a2(1+A)Lp{(a?+m2)+NgHsN5} (43)
_ (a®+n?)[(a*+7m?)Ln+HsNaNp(1+Na)|Rs
a2L?,{(a2+n2)+NpHsN5}

b

where Eq. (43) shows that Z—f‘slis positive for all wave numbers, which implies that L,, has

stabilizing influence.

The novelty of this study lies in combining the Jeffrey viscoelastic fluid model with
the Buongiorno nanofluid framework to investigate double-diffusive convection under
internal heat generation. Internal heating supplies energy directly within the porous
nanofluid layer, creating additional buoyancy forces that drive fluid motion even in the
absence of external temperature gradients. This reduces the critical thermal Rayleigh
number, causing convection to onset earlier and convective cells to grow larger. The Jeffrey
viscoelastic fluid, with its elastic (memory) and viscous (damping) characteristics, interacts
with buoyancy forces in a manner that amplifies disturbances rather than suppressing
them. Interestingly, while previous studies often report that the Jeffrey parameter stabilizes
the system and internal heating alone acts as a destabilizing factor, in this study both the
Jeffrey viscoelasticity and internal heating contribute to destabilization under the chosen
parameters. Consistent with literature, the salinity Rayleigh number continues to act as a
stabilizing influence. Together, internal heating and viscoelasticity enhance system
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instabilities, initiating convection at lower thermal forcing, while the critical wave
number—and hence the characteristic cell size—remains largely unchanged. This
combined effect has practical significance for energy and thermal management systems,
including solar collectors, geothermal reservoirs, and chemical reactors, where enhanced
convection is beneficial, but flow stability must be carefully controlled.

The findings of this study are relevant for engineering systems where heat and mass
transfer in nanofluids within porous structures is critical. Potential applications include
enhanced oil recovery, geothermal energy extraction, solar thermal collectors,
microelectronic cooling, and biomedical devices. The results may guide the design of
more stable and efficient thermal systems by identifying conditions that suppress or
trigger convection.

Results and Discussion

The thermal instability of binary Jeffrey nanofluid layer in porous medium is conducted by
investigating the stationary thermal Rayleigh number, given by Eq. (35) and examining the
effects of relevant non-dimensional parameters. The numerical computation of thermal
Rayleigh numbers is performed using MATHEMATICA software (version-12), where one
non-dimensional parameter is varied while keeping others constant. The parameter values
are considered within certain limits. Graphical representations of the calculated results are
shown in Figs. 2-8 with a specific focus on a top-heavy distribution of nanoparticles.
The current analysis focuses on stationary convection to establish fundamental stability
characteristics. The methodology can be adapted to investigate oscillatory and transient
modes, offering insights into time-dependent convection, wave propagation, and the
evolution of instabilities under varying thermal and solutal conditions.

The impact of Rayleigh number due to salinity, R; on stationary thermal Rayleigh
number R}, in relation to the wave number a in the stationary mode, is depicted in Fig. 2.
It is observed from the curves that a rise in the solutal Rayleigh number leads to a notable
effect, resulting in an escalation of the thermal Rayleigh number. Therefore, R, stabilizes
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number R; against wave number a for multiple number R; against wave number a for multiple
values of Rayleigh number due to salinity R, values of internal heat source H,



Double diffusive convection of non-Newtonian nanofluid in porous layer under internal heating 86

the system. A large solutal Rayleigh number leads to convective instability, where buoyancy
forces dominate over diffusive forces. Conversely, a small solutal Rayleigh number
enhances the significance of diffusive forces, resulting in a more stable system. Physically,
as salinity-induced buoyancy grows, the system resists purely thermal disturbances more
effectively, thereby raising the threshold of thermal instability.

Figure 3 depicts the correlation between the internal heating parameter Hg; and the
thermal Rayleigh number R in the study. The results indicate that a decrease in the
internal heating leads to an increase in R;. As a result, the convective cell size increases,
exerting a destabilizing influence on the Jeffrey nanofluid. Furthermore, the internal heat
source causes a decrease in the critical wave number, thereby enhancing the convective
heat transfer within the system. In physical terms, greater internal heating injects extra
energy into the fluid layer, which reduces the critical condition for instability and
promotes more vigorous convection in the Jeffrey nanofluid.

A visualization of the relationship between the stationary thermal Rayleigh number,
R; and the Jeffrey fluid parameter, A is presented in Fig. 4. As the Jeffrey parameter
increases, it is noted that the stability range for the stationary mode decreases, resulting
in a decline in RS. However, despite this increase, the critical wave number remains
unchanged. Thus, stronger Jeffrey-type elasticity promotes earlier onset of convection by
reducing the required thermal driving, even though it does not change the characteristic
size of convective cells.
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Figure 5 and 6 present the relationship between the modified particle density
increment Nz and the concentration Rayleigh number R,, respectively, with R;. It is
observed from Fig.5 that when the modified particle density experiences a slight
decrease, the thermal Rayleigh number increases due to the low value of the term NB™
in the energy equation. This decrease leads to the expansion of convectional cells, thereby
destabilizing the system. Conversely, Fig. 6 illustrates that as the concentration Rayleigh
number rises, there is a corresponding increase in R, thus advancing the onset of
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stationary convection. While changes in the concentration Rayleigh number affect the
critical wave number, the increment in modified particle density does not have any
influence on it. Physically, this means that a reduction in modified particle density
weakens the stabilizing role of nanoparticles, allowing convection to occur more easily
with larger cells. In contrast, an increase in the concentration Rayleigh number enhances
solutal buoyancy, which accelerates the onset of convection and also alters the size of
convection cells.
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In Fig. 7, the impact of medium porosity, € on the system stability framework is
depicted. As the medium porosity increases, the stationary thermal Rayleigh number R
also increases, expanding the region of stability under stationary modes. Consequently,
the size of convection cells decreases. Porosity represents the fraction of open space
available for fluid flow within the medium. As porosity increases, the medium behaves
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values of modifieddiffusivity ratio N,
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more like a free-fluid layer with reduced resistance from the solid matrix. This facilitates
fluid motion, but the enhanced heat transfer stabilizes the system, thereby raising the
critical Rayleigh number. Consequently, convection is delayed to higher thermal forcing,
and when it sets in, smaller convection cells are formed, allowing more efficient heat
transport in the porous environment.

Figure 8 illustrates the impact of modified diffusivity ratio, N, on R;. An elevation
in the modified diffusivity ratio leads to a rise in thermal Rayleigh number, which in turn
amplifies the stability region and enlarges the convection cells. Consequently, the system
is stabilized by modified diffusivity ratio. Nevertheless, the critical wave number remains
unaltered. This implies that the system demands stronger thermal forcing to initiate
convection. Although the convection cells grow in size, the fundamental spacing between
them, represented by the critical wave number, does not change. In other words, stability
is enhanced without altering the basic pattern of convection onset.

The observed trends in our study generally align with prior research, while showing
some notable deviations. Previous investigations on viscoelastic nanofluid convection
[14,23,42-45] indicate that results depend strongly on the chosen model and parameters.
For example, the Jeffrey model in earlier studies (Rana [44]) typically promotes
convection,porosity tends to destabilize the system, and the nanofluid parameter modified
diffusivity ratio often has negligible influence. In contrast, in our study, the Jeffrey model
consistently shows a destabilizing effect, porosity acts oppositely by stabilizing, and
modified diffusivity ratio surprisingly produces a pronounced stabilizing effect.
The Rayleigh number due to salinity, meanwhile, promotes stability, in agreement with
Umavathi et al. [45]. Regarding internal heating, prior studies, including Khalid et al. [42],
indicate that internal heat sources generally destabilize the system. Our results
corroborate this observation, confirming that internal heating has a destabilizing
influence in our configuration as well. These findings highlight the sensitivity of system
stability to parameter interactions and emphasize the importance of considering mixed
parameter effects when analyzing convection in viscoelastic nanofluids.

Conclusions

This paper investigates the influence of viscoelastic behavior and internal heating on
double-diffusive convection in a Jeffrey nanofluid saturated porous medium. By applying
linear stability theory and a one-term Galerkin approach, an analytical expression for the
stationary thermal Rayleigh number was derived. Key findings reveal that higher
concentration and solutal Rayleigh numbers expand the convection domain, internal
heating strengthens heat transfer, while increased porosity and diffusivity ratio improve
system stability. In contrast, reduced particle density and higher salinity Rayleigh
numbers trigger destabilization. The Jeffrey parameter reduces stability without altering
the critical wave number, underlining the distinct role of viscoelasticity.

Overall, the results provide new insights into the thermo-diffusion behavior of
Jeffrey nanofluids, with potential applications in thermal energy storage, enhanced oil
recovery, and polymeric material design. The analytical framework can guide the design
of advanced nanofluid systems for engineering applications. Future research may extend
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this work to nonlinear regimes, oscillatory instabilities, fractional-order models, and Al-
assisted prediction techniques, alongside experimental validation for practical systems.
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