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Abstract. A nonclassical gradient model of a continuous medium is proposed to describe the 
dispersion of Young's modulus of a rock sample observed under dynamic loading of the 
sample. The phenomenological parameters of the model are determined on the basis of an 
analysis of the results of experimental studies of the behavior of Young's modulus depending 
on the frequency and amplitude of the external loading. 
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1. Introduction 
The materials used by engineers to create various structures are generally heterogeneous and 
their behavior during deformation is analyzed by researchers for a long time. The 
differentiation of the interests of specialists is associated, first of all, with the need to solve 
problems of different quality levels. In those levels, various mathematical models are required 
to describe the behavior of materials. Recently, non-classical models of a continuous medium 
[1-3] were actively used. Among the non-classical models, gradient models should be 
distinguished [4-8]. The gradient model was first proposed in [9]. Its modern application 
allowed to obtain solutions that clarify the description of macroscopic bodies, in which the 
stresses and deformations of the classical theory of elasticity have features. For example, the 
variants of gradient models developed in [10,11] allowed constructing non-singular solutions 
for describing materials with a structure. Gradient models are also used when considering 
non-classical effects of rock behavior [12,13]. It was shown in [14] that in the linear 
approximation the non-Euclidean and gradient models lead to the same result when describing 
the phenomenon of zonal disintegration in the material. 

The dispersion of the elastic characteristics of the material under dynamic loading of 
sandstone samples is a non-classical effect of the rock behavior. Such an effect can be 
observed when using the rigs of split Hopkinson-Kolsky bar type [15,16], or on the rigs for 
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uniaxial compression with an additionally installed oscillator [17]. In particular, in 
experimental works [18,19] on rigs with an oscillator, the dispersion of Young's modulus of a 
rock sample under dynamic loading was revealed. It should be noted that in the studies 
performed above a model describing the change in elastic characteristics under dynamic 
loading was not formulated. In [20], a corresponding model was proposed to describe the 
change in the dynamic component of Young's modulus of a rock sample under unsteady 
loading conditions. The authors proposed to consider the sample as a homogeneous material 
with a certain internal frequency. However, it is clear from the point of view of physics that 
the reason for the dispersion of Young's modulus is the heterogeneity of the rock structure. 
Therefore, the purpose of this work is to formulate a model that takes into account this 
heterogeneity to describe the behavior of rock under dynamic loading.  

In Section 2, a gradient continuum model is used to describe the change in Young's 
modulus and to formulate dynamic relations taking into account the boundary conditions. In 
Section 3, a solution of the formulated equations is designed, on the basis of which 
phenomenological parameters are selected in Section 4. 
 
2. Model formulation 
According to the generalized theory given in [21], generalized stresses (including generalized 
strains) require to formulate constitutive relations. At the same time, in the one-dimensional 
case, the relationship between the stress 𝜎𝜎 and strain 𝜀𝜀 is established on the basis of the 
classical Hooke's law: 
𝜎𝜎 = 𝐸𝐸𝑠𝑠𝑠𝑠𝜀𝜀,     𝜀𝜀 = 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
, (1) 

where 𝐸𝐸𝑠𝑠𝑠𝑠 is Young's modulus; 𝑈𝑈 is a displacement of sample particles. The experimental 
determination of Young's modulus in (1) is carried out under conditions of quasi-static 
loading of the material. The constitutive relations of the gradient model of a continuous 
medium can be obtained using the variational principle [22], which allows modifying the 
classical model. Then the equation of the state of the material is written in the form given 
below. Note that hereinafter the subscript x denotes the differentiation on a material 
coordinate: 
𝜎𝜎 = 𝐸𝐸𝑠𝑠𝑠𝑠𝜀𝜀 − 𝛾𝛾𝜀𝜀𝑥𝑥𝑥𝑥. (2) 

Comparison of (2) with (1) shows that stress contains an additional contribution 
associated with taking into account the heterogeneity distribution of deformation in the 
material. Phenomenological parameter 𝛾𝛾 should be determined using data from experimental 
studies. 

The dynamic Young's modulus is introduced according to the relation: 
𝐸𝐸𝑑𝑑𝑑𝑑𝑑𝑑 = 𝜎𝜎

𝜀𝜀
= 𝐸𝐸𝑠𝑠𝑠𝑠𝜀𝜀−𝛾𝛾𝜀𝜀𝑥𝑥𝑥𝑥

𝜀𝜀
= 𝐸𝐸𝑠𝑠𝑠𝑠 −

𝛾𝛾
𝜀𝜀
𝜀𝜀𝑥𝑥𝑥𝑥. (3) 

In the experiments [23], a static load was applied to the upper end of the rock sample 
(sandstone) 𝐹𝐹𝑠𝑠𝑠𝑠 =  700 N, which translated the sample into an elastic state. Then, a periodic 
(sinusoidal) load was applied to the upper end of the sample 𝐹𝐹𝑑𝑑𝑑𝑑𝑑𝑑. A change in the dynamic 
load led to a displacement of the upper-end surface of the sample, as a result of which the 
length of the sample changed from 𝑙𝑙0 at 𝐹𝐹𝑠𝑠𝑠𝑠  by the value 𝛥𝛥𝛥𝛥, reaching the maximum 𝑙𝑙𝑚𝑚𝑚𝑚𝑚𝑚 at 
minimum dynamic load 𝐹𝐹𝑑𝑑𝑑𝑑𝑑𝑑 and reaching the minimum 𝑙𝑙𝑚𝑚𝑚𝑚𝑚𝑚 at maximum load 𝐹𝐹𝑑𝑑𝑑𝑑𝑑𝑑 
(Fig. 1a). Vertical displacement 𝛥𝛥𝛥𝛥 of the upper-end surface of the sample was recorded by an 
eddy current probe (ECP). The study was carried out in the zone of linear behavior of the 
rock, which was previously determined in experiments on quasi-static compression (Fig. 1b). 
The recorded data on the displacement of the end surface of the sample were processed in the 
MATLAB package (Fig. 1c). Amplitude 𝐴𝐴 of the dynamic load varied from 0 to 250 N, and 
the loading frequency 𝜔𝜔 was selected from 15 to 40 Hz. As a result of experiments with 
increasing 𝜔𝜔. The dispersion of the dynamic component of Young's modulus was revealed for 
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all amplitudes 𝐹𝐹𝑑𝑑𝑑𝑑𝑑𝑑 (Fig. 1d). The studies were carried out on nine samples, for which 
270 experiments were carried out. During the experiments, the stress in the sample for each 
loading cycle changed by the value 𝛥𝛥𝛥𝛥. 

 

 
Fig. 1. Description of experiments on dynamic loading of rock samples: a) boundary shapes 
of the sample at maximum and minimum load (schematically); b) stress state of the sample;  
c) longitudinal displacement of the upper-end surface of the sample; d) dependence of the 

dynamic component of Young's modulus on the frequency of the applied periodic load 
 
Thus, under the conditions of the experiment carried out, the value 𝐸𝐸𝑑𝑑𝑑𝑑𝑑𝑑 (3) is 

calculated at the end of the sample, i.e.  
𝐸𝐸𝑑𝑑𝑑𝑑𝑑𝑑 = 𝐸𝐸𝑠𝑠𝑠𝑠 −

𝛾𝛾𝜀𝜀𝑥𝑥𝑥𝑥
𝜀𝜀
�
𝑥𝑥=𝑙𝑙0

. (4) 

The momentum conservation law for a continuous medium has the form: 
𝜌𝜌0

𝜕𝜕2𝑈𝑈
𝜕𝜕𝑡𝑡2

= 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

. (5) 
Substituting (2) into (5), we obtain: 

𝜌𝜌0𝑈𝑈𝑡𝑡𝑡𝑡 = 𝐸𝐸𝑠𝑠𝑠𝑠𝜀𝜀𝑥𝑥 − 𝛾𝛾𝜀𝜀𝑥𝑥𝑥𝑥𝑥𝑥. (6) 
Within the framework of the experiment carried out, the boundary condition for 

equation (6) at the upper end of the sample has the form: 
𝜎𝜎|𝑥𝑥=𝑙𝑙0 = 𝐸𝐸𝑠𝑠𝑠𝑠𝜀𝜀 − 𝛾𝛾𝜀𝜀𝑥𝑥𝑥𝑥|𝑥𝑥=𝑙𝑙0 = 𝐴𝐴

𝑆𝑆
𝑠𝑠𝑠𝑠𝑠𝑠 𝜔𝜔𝜔𝜔. (7) 

At the lower end of the sample, there is no displacement of the particles of the medium, 
including the corresponding boundary condition for equation (6) is written in the form:  
𝑈𝑈|𝑥𝑥=0 = 0. (8) 
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3. Designing the solution 
A solution for 𝑈𝑈 in the form of a Fourier series looks like: 
𝑈𝑈 = 𝛼𝛼 𝑠𝑠𝑠𝑠𝑠𝑠𝜔𝜔𝜔𝜔 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑥𝑥 + ∑ 𝛽𝛽𝑘𝑘 𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑘𝑘𝑡𝑡 + 𝜑𝜑𝑘𝑘) 𝑠𝑠𝑠𝑠𝑠𝑠 𝜆𝜆𝑘𝑘𝑥𝑥∞

𝑘𝑘=1 , (9) 
wherein 𝛼𝛼,𝛽𝛽𝑘𝑘 are amplitude coefficients, 𝜑𝜑𝑘𝑘 is an initial phase, 𝜔𝜔, 𝜆𝜆 and 𝛺𝛺𝑘𝑘, 𝜆𝜆𝑘𝑘 are internal 
model parameters. The structure of solution (9) is chosen so that it automatically satisfies 
condition (8). The relationship between the internal parameters is easy to obtain after 
substituting (9) in (6): 
𝜔𝜔2 = 𝜆𝜆2𝜐𝜐𝑠𝑠𝑠𝑠2 + 𝛾𝛾 𝜆𝜆4

𝜌𝜌0
,𝛺𝛺𝑘𝑘2 = 𝜆𝜆𝑘𝑘2𝜐𝜐𝑠𝑠𝑠𝑠2 + 𝛾𝛾 𝜆𝜆𝑘𝑘

4

𝜌𝜌0
, (10) 

where the value 𝜐𝜐𝑠𝑠𝑠𝑠 = �𝐸𝐸𝑠𝑠𝑠𝑠
𝜌𝜌0

 characterizes the velocity of propagation of an elastic wave in the 

material. Since the frequency 𝜔𝜔 is a given value, then the parameter 𝜆𝜆 is found from the first 
equation of the system (10): 

𝜆𝜆2 =
−𝜐𝜐𝑠𝑠𝑠𝑠2 +�𝜐𝜐𝑠𝑠𝑠𝑠4 +4

𝛾𝛾𝜔𝜔2
𝜌𝜌0

2𝛾𝛾
𝜌𝜌0

. (11) 

Selection of the corresponding sign at the root is given by the requirement that in the 
boundary case 𝛾𝛾 → 0 solution for 𝜆𝜆  should be limited.  

The fulfillment of the boundary condition (7) leads to the following restrictions: 
𝛼𝛼(𝐸𝐸𝑠𝑠𝑠𝑠 + 𝜆𝜆2𝛾𝛾) 𝑐𝑐𝑐𝑐𝑐𝑐 𝜆𝜆𝑙𝑙0 = 𝐴𝐴

𝑆𝑆
, 𝑐𝑐𝑐𝑐𝑐𝑐 𝜆𝜆𝑘𝑘𝑙𝑙0 = 0. 

From the first, we obtain a representation for the amplitude 𝛼𝛼: 
𝛼𝛼 = 𝐴𝐴/𝑆𝑆

(𝐸𝐸𝑠𝑠𝑠𝑠+𝛾𝛾𝜆𝜆2) 𝑐𝑐𝑐𝑐𝑐𝑐 𝜆𝜆𝑙𝑙0
.  (12) 

The second obtained limitation determines the set of oscillations (standing waves) in the 
sample that can form in it: 
𝜆𝜆𝑘𝑘 = 𝜋𝜋

2
+ 𝜋𝜋𝑘𝑘 , 

where 𝑘𝑘 is a non-negative integer. From here and from (10), we can find the frequencies 𝛺𝛺𝑘𝑘. 
In order to obtain the dependence of Young's modulus on the frequency of the dynamic 

load, we will use (4). This leads to the following model: 
𝐸𝐸𝑑𝑑𝑑𝑑𝑑𝑑 = 𝐸𝐸𝑠𝑠𝑠𝑠 + 𝛾𝛾𝜆𝜆2, (13) 
in which 𝜆𝜆2 is determined from (11). The experiment performed showed that the relative 
contribution of the dispersion term to the dynamic Young's modulus does not exceed 30%; 
therefore, (11) can be simplified by assuming 𝜆𝜆2 ≈ 𝜔𝜔2

𝜐𝜐𝑠𝑠𝑠𝑠2
. Then (13) is reduced to the form: 

𝐸𝐸𝑑𝑑𝑑𝑑𝑑𝑑 = 𝐸𝐸𝑠𝑠𝑠𝑠 + 𝛾𝛾 𝜔𝜔2

𝜐𝜐𝑠𝑠𝑠𝑠2
. (14) 

Since in dimension [𝜔𝜔] = 1
[𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡], [𝜐𝜐𝑠𝑠𝑠𝑠] = [𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠]

[𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡] , then the dimension 
[𝛾𝛾] = [𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠]2[𝐸𝐸𝑠𝑠𝑠𝑠]. Thus, from the experiment, it is possible to estimate the value 
of the internal scale for which the model is used.  
 
4. Selection of model parameters 
Relations (10)-(13) contain an unknown parameter 𝛾𝛾. To determine it, we will use formula 
(14) to process the experimental results 

𝛾𝛾 = 𝜐𝜐𝑠𝑠𝑠𝑠2 (𝐸𝐸𝑑𝑑𝑑𝑑𝑑𝑑− 𝐸𝐸𝑠𝑠𝑠𝑠)
𝜔𝜔2 . (15) 

Let us consider the velocity 𝜐𝜐𝑠𝑠𝑠𝑠 of the propagation of elastic vibrations in sandstone 
equal to 𝜐𝜐𝑠𝑠𝑠𝑠 = 2500 m/s. Next, substitute the experimental data on the load frequency (varies 
from 0 to 40 Hz), dynamic and static Young's modulus for each dynamic load amplitude 
(varies from 0 to 250 N) (see Fig. 1d) into (15). As a result, we find that the parameter 𝛾𝛾 
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belongs to the interval 𝛾𝛾 ∊ [2437; 3375], Note that for each amplitude of the dynamic load 
there will be its own 𝛾𝛾 (Table 1). 
 
Table 1. The heterogeneity parameter value for different loading amplitudes 

Value of the parameter 𝛾𝛾 (N) for dynamic load amplitude А (N) 
0 50 100 150 200 250 
0 1888 2757 3042 2592 3567 

 
Let us consider an example of approximation of experimental data of the dynamic 

Young's modulus under dynamic loading of one of 9 rock samples. Perform an approximation 
for all of five amplitudes А of a dynamic load by the models (14), (13)+(11) and by the 
model (11) obtained in [20] and plot a graph for each load amplitude (Fig. 2). Note, that since 
there is no additional stress when the frequency of the dynamic load is equal to zero 𝜔𝜔 = 0, in 
the graphs the value of 𝐸𝐸𝑑𝑑𝑑𝑑𝑑𝑑 starts with a value of static Young's modulus 𝐸𝐸𝑠𝑠𝑠𝑠. 

 

 
Fig. 2. Approximations of experimental data using models (14), (13)+(11)  

and the model (11) in [20] 
 

It can be said from looking at Fig. 2 that the three approximations coincide. Since 
model (14) and model (11) from [20] both have quadratic relation, they indeed fit exactly. 
However, the approximation given by the model (13)+(11) has a higher level of matching to 
experimental data. The values of the dynamic Young's modulus 𝐸𝐸𝑑𝑑𝑑𝑑𝑑𝑑 calculated using the 
model (14) in comparison with values calculated using a more precise model (13)+(11) are 
more accurate for 0.7%. Since it is precise and takes into account material heterogeneity, the 
model (13)+(11) is proposed for describing the material Young's modulus dispersion under 
dynamic loading. 
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5. Conclusion 
A non-classical model of the change in Young's modulus of material under the action of a 
dynamic load is obtained. The model is based on the gradient theory of elasticity. The model 
contains an additive (parameter) responsible for the dispersion of the dynamic component of 
Young's modulus with increasing loading amplitude and load frequency. The additive 
represents the heterogeneity of the rock structure, which leads to the dispersion of the elastic 
characteristics of the heterogeneous material under dynamic loading. 
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