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Abstract. We proposed a mathematical model of flow and extrusion in the 3D printing
process (FDM technology). The model is based on fluid mechanics and uses conservation
laws taking into account friction losses and local resistance losses. We performed a
parametric study of the model. We have obtained experimental data on the rheology of
compositions based on bimodal powders containing micro- and nanoparticles. The rheological
properties of low-filled mixtures of powders with polymer differ from those of highly-filled
mixtures of bimodal powders. These data are used as the basis for calculating the extrusion
rate of compositions in FDM 3D printing of the considered compositions. The results of
calculations of the extrusion rate depending on temperature, pressure, and dispersion of
powders are given in the report. The search for optimal printing parameters based on
mathematical modeling of the process is the goal of this work.
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1. Introduction

The technology of layer-by-layer deposition (Fused deposition modeling, FDM) is most often
used in additive technologies for creating three-dimensional objects [1]. This method is based
on the application of fused fiber material to the platform, which makes it possible to design
and implement new materials, including composites. Usually, a polymer thread is used as a
material for creating objects, but recently there have been attempts to apply this technology
for printing polymeric materials modified with various powders (steel, aluminum, wood ash,
thermites, etc.) [2-5].

Commonly used additive technologies for working with metal powders are SLS
(Selective Laser Sintering) and SLM (Selective Laser Melting) [5]. They involve the use of
expensive and complex equipment, including a powerful laser. FDM 3D printing technology
is based on the use of a relatively simple and inexpensive printer. This is the most used 3D
printing technology due to the relative simplicity and availability of devices, as well as the
ability to adjust operating parameters over a fairly wide range of values.

Typically, a polymer thread is used for this printer. If a polymer composition with metal
powders is used instead of a thread, then the problem of using the FDM technology lies in the
high viscosity of the material, which is especially high at a high concentration of particles.
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The classic version of FDM technology uses thermoplastic polymers or composites
based on them, which are heated in the hot part (hotend) of the print head to a molten or semi-
liquid state, and then flow through the extruder die onto the platform or over previously
printed layers. The thermoplasticity of the polymer thread is an essential property of this
method. It allows the filaments to melt and solidify at room temperature after printing [6].
Usually, a composite filament for printing is prepared in advance, but in some cases, a
mixture of filler and polymer powders is fed directly into the print head of the printer, where
these powders are mixed and melted [7].

The complexity of using FDM, as well as some other additive technologies, is
associated with the high viscosity of the material, which often depends non-linearly on
operating parameters. To overcome the problem of high viscosity (> 1000 Pa s) and reduce
friction in the printing process, for example, ultrasound inside the nozzle is used [8]. Bimodal
metal powder, which exhibits high fluidity even at a high volume content in the mixture,
could be a promising raw material for extrusion additive manufacturing [9].

The choice of operating parameters of the FDM printing process for working with
viscous highly filled materials is an urgent task. Very few works are devoted to the theoretical
study of this process. Meanwhile, mathematical modeling will reveal the main patterns of the
process and the dependence of the target characteristics of printing on operating parameters.

Several theoretical works are devoted to the issues of mathematical modeling of various
additive processes: Selective laser melting (SLM) [10-12]; Direct Metal Deposition (DMD)
[13], and Direct ink writing (DIW) [14,15]. Meanwhile, few theoretical studies are devoted to
FDM technology. The authors of [16] optimize the parameters of the FDM process using
hybrid statistical methods. They take into account a number of competing process parameters,
including layer thickness, build orientation, fill density, and number of loops. Recent work [7]
investigated the effect of HMX solids content and particle size on the viscosity of molten
TNT/HMX explosives. The authors used computational fluid dynamics methods to simulate
the influence of viscosity, pressure, temperature, nozzle diameter, and particles on fluid flow
inside a 3D printer nozzle.

Fluid mechanics methods allow us to identify the most significant characteristics
that affect the target parameters of the printing process. However, there are no systematic
works describing the features of the technology and the ongoing processes using the
selected methods.

Extrusion speed is one of the most important parameters that must be controlled during
the printing process. Too low or too high speed leads to deformation of the target object,
associated with excessive or insufficient cooling, or poor adhesion of the layers. You can
choose the optimal speed using the printer settings when printing with known polymer
filament. But it will be difficult to set up printing with more viscous composite formulations
without knowing the patterns of viscosity and extrusion rate changes depending on the main
control parameters. The control parameters include the feed pressure of the mixture, the
heating temperature, the fineness of the powder, and its concentration in the mixture.

The purpose of this work is to determine the extrusion rate of a viscous liquid
containing particles and the influence of control parameters on the speed of FDM printing
based on mathematical modeling and the application of fluid mechanics methods.

2. Mathematical model of the flow of a viscous liquid in a nozzle

Let us consider a mixture of polymer powder and particles that is fed into a nozzle using a
piston/screw. In the heating block (hot end) of the nozzle, the mixture is heated to a
predetermined temperature. The viscosity of the resulting liquid depends significantly on
temperature and pressure.



Mathematical model of extrusion in FDM 3D printing technology 390

From the point of view of reducing the viscosity of the material, it is better to use a
lower concentration of particles [17]. Therefore, the concentration of particles is one of the
most important parameters that must be optimized. As the experiment shows, the dispersion
of particles also significantly affects the viscosity of the material [9].

Formulation of the problem. A mixture of polymer and powdered particles of a given
volume concentration ¢ is placed in the nozzle heating block (Hot end). The mixture is heated
to a given temperature T, greater than or equal to the melting point of the polymer; the
mixture is acted upon by a piston with a given pressure Pp. Further, the viscous mixture flows
inside the nozzle and outflows from it at a certain velocity Ve. It is necessary to determine this
speed depending on the control parameters (T, Pp, @), as well as the critical values of the
parameters at which extrusion is impossible. The geometry of the nozzle is shown
schematically in Fig. 1.
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Fig. 1. Nozzle scheme
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In accordance with the continuity equation the outflow velocity V, =V,— 32 , Where Vi is

the velocity of the liquid inside the nozzle, D is the diameter of the wide part, d — is the
diameter of the nozzle, H is the height of the extruder.
Bernoulli's equation for a viscous fluid:

AP V2 V2 Vi2 D2

o0 Zg H+Zg+h +Nioe = H+Ed_2+hg+h'oc’ (1)
where AP = Pp — Pam is the extrusion pressure (relative to atmospheric), hg is hydraulic
friction losses, with the laminar flow: hy = g‘; ';V (Darcy-Weisbach formula), Re = PPV DV

n is the dynamic viscosity of the medium.

There is no flow at the inlet, and the velocity is equal to zero, at the bottom near the
nozzle outlet is Vi. According to the conditions of the problem, friction losses due to viscosity
are significant.
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The nozzle is characterized by losses due to local resistance (sudden narrowing of the
flow). Hydraulic losses due to local resistance are expressed by the Altshul formula [18]:

2
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Since the Re number includes the Vi, we have a quadratic equation for the velocity
inside the tube. It is a positive decision:

~b++/b2 -4ac 1-D2/d2 320 AP
Vi=————| a=— b=- ,c=H-h — 3

The first speed limit is the absence of a solution to the quadratic equation (3). It occurs
when the following condition is met:

2

32n AP 1-D2/d?2

2 = = | =4/ H-h e

b2 = 4ac, or [gDJ ( loc pgj[ 2 J (4)
In this case, the rate is:
__b_32n(1—D2/d2)
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Simplifications. Consider the Bernoulli equation in the dimensionless form:
2 2 h
AP — 14V V D 1le9 g +hloc (6)
pgH 2gH | d2 H H

Let us estimate the value of different terms of the equation. Let us find the conditions
under which one or another term can be neglected.

At high viscosity, the term of the equation responsible for the kinetic energy of the
liquid can be neglected. Then the equation will take the form:

AP =—1+-9 hg hIoc

= 7
pgH H H (7)
This is done if:
Vi2(D 64 H
L | = -1|<<h,, L —L 8
Zg(dZ j o I Re << (1B 7dy2-1) D ®)
From here we get a simplified expression for the rate inside the structure:
AP _ 14 32V, 32Vin h,oc (9)
pgH gpD2 ' H
From here we get a simplified expression for the rate inside the structure:
2
V, = 14 AP e | 9pD% (10)
pgH H 32n

With a relatively high-pressure drop, i.e. at A—Z»l—%, the expression for the
P9

velocity can be further simplified:

_APD?2
' 32onH (11)
Taking into account the continuity equation, we obtain an expression for the outflow
. AP D4
velocity:V, = 32 Haz A_L— (12)
D4 -
where A = Tadz constant characterizing the geometry of the nozzle.
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Expression (12), which is correct under conditions of high fluid viscosity and
sufficiently high piston pressure, makes it possible to obtain explicit dependences of the
extrusion rate on the control parameters — pressure and viscosity. Viscosity, in turn, depends
on temperature, pressure, and particle concentration.

Accounting for the dependence of viscosity on temperature, pressure and particle
concentration. The dependence of the viscosity of thermoplastics on temperature is
determined by the Frenkel-Eyring equation [19]:

E
n=or -exp £ | 13

where not is a constant having the dimension of viscosity, E. is flow activation energy, R is
the universal gas constant; R = 8.32 J/(mol-K); T'is thermodynamic temperature, K.
The dependence of viscosity on pressure is also exponential:

N="Nop 'EXp(BAP)’ (14)
where B is exponential pressure coefficient, n,, is a constant having the dimension
of viscosity.

Combining (13) and (14) we obtain the expression:
n="no -exp(—s—fl‘_j-exp(BAP). (15)

At low-pressure drops (AP less than 800 MPa) and temperature (AT less than 200 K), a
linear approximation of the dependence of viscosity on these parameters can be used [20]:
N=ny- 1+ oyAT +B,AP). (16)

In [21], the rheological properties of mixtures of poly(vinylidene fluoride) (PVDF) and
polyethylene (LDPE) in the molten state were studied. Values of flow activation energy for
different shear rates (t = 3-10 s!) are obtained, which are 41.95-55.37 kJ/mol for PVDF. The
corresponding PVDF melt viscosities at 190°C are 4 to 7.5 kPa-s.

According to the conditions of the problem, we have not just a polymer melt, but a melt
containing particles. Einstein established the dependence of the viscosity of a solution on the
concentration of suspended particles [22]:
n="no(1+ ), (17)
where ¢ is volume fraction of the dispersed phase; a is coefficient depending on the particle
shape. For spherical particles a = 2.5; for elongated particles o > 2.5. This equation
was derived under the assumption that the particles of the dispersed phase are much larger
than the matrix molecules, they are distant from each other, have the same size and shape, and
do not interact.

Subsequent experiments showed [23] that formula (17) is valid only for ¢ < 1072,
Einstein's theory was generalized to the case of higher volume concentrations. As a result, for
the effective viscosity coefficient, a relation of the form was obtained:

n=no (1+oc(p+ k(pz), (18)
where the coefficient k ~ 6-6.25.

Influence of control parameters on blend viscosity and extrusion rate (Parametric
Model Study). Below are the calculated dependences of the viscosity and extrusion rate on

the control parameters in accordance with the proposed mathematical model.
The rate depends inversely on viscosity (Fig. 2). The calculation is made for D = 3 mm,
H =0.1m, D2/d2=36 (A1=0.1 mm).
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Fig. 2. Extrusion Rate vs. Viscosity

We obtained the dependence of the extrusion rate on temperature taking into account
the exponential dependence of viscosity on temperature (13) and the data of work [21]
(Fig. 3). The calculation is made for E. = 60 kJ/mol, nor = 10E+10 Pa-s, A1 = 0.1 mm.
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Fig. 3. Temperature dependence of extrusion rate

We calculated the dependence of the extrusion rate on pressure, taking into account the
exponential dependence of viscosity on pressure (14) for given parameters E.= 60 kJ/mol,
nop = 10E+10 Pa-s, A1 = 0.1 mm, = 0.05 (Fig. 4).

The obtained dependencies correspond in character to those obtained in [7] using nozzle
simulation in FDM technology.

The extrusion rate decreases with increasing temperature and pressure, which is not
intuitively obvious. However, with increasing pressure, the velocity can not only decrease
(Fig. 5, calculation at = 0.005).

As follows from expression (12), the dependence on the geometric factor Al
is linear (Fig. 6).
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The dependence on the concentration of particles in the mixture, calculated by equation
(18), is shown in Fig. 7.
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Fig. 7. The dependence of the extrusion rate on the concentration of solid particles in the
mixture

The results obtained are intuitive: the smaller the proportion of particles in the polymer,
the lower the viscosity of the mixture, and the higher the extrusion rate.

As can be seen, the lower the temperature of the mixture, the lower the viscosity and the
higher the extrusion rate. Thus, operating the nozzle at the lowest temperature sufficient to
melt the polymer is preferred.

3. Experiment

Materials and methods. A mixture of powders of micro- and nanoparticles was obtained
by the method of the electrical explosion of wires (EEW) with a controlled ratio of dispersed
phases in one technological process [9, 24]. Bimodal powders obtained by EEW
do not require additional mixing and do not separate into fractions, like mixtures of micro-
and nanopowders.

The dispersion of the obtained powders was measured using a laser diffraction particle
size analyzer MASTERSIZER 2000 (Malvern Panalytical, UK).

The melt flow index (MFI) for all composites was measured with the plastometer IIRT-
M (LOIP, Russia) with a load of 1-50 kg at 130-160°C. The measurement of MFI was carried
out according to ISO 1133. The MFI index is related to the dynamic viscosity n [25]:

_Ap-L 18
V= (18)
where the constant A = 155.709 kg-m/s?, p is material density [g/cm?], L is the load [kg], MFI
is the melt flow index [g/10 min]. The load application area is Sp = 69.3626 mm, thus,
pressure is P = L/Sp.

The binder is a ready-made mixture of polymer marked Viscowax 331 (Innospec,
Germany) with the addition of 0.5% stearic acid. The binder content is 63% vol.

Rheological characteristics of bimodal powder (experimental results). Extrusion
rate depending on pressure and temperature (calculation). To study the rheological
characteristics, a bimodal powder of 316L stainless steel was taken, obtained at various
energies of an electric explosion (32, 60, 93 J/mm2, further indicated by the corresponding
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numbers) with different dispersity, as well as a powder with a characteristic particle size of
the order of tens of micrometers (designated "micron™) (Table 1).

Table 1. Median values of powder dispersion

Sample 10% D (um) 50% D (um) 90% D (um)
32 0.157 1777 3.421
60 0.123 1.209 2.561
93 0.102 1112 2.145
Micron 10.965 17.357 29.777

Figure 8 shows the experimental dependence of viscosity on temperature, and Fig. 9
shows the experimental dependence of viscosity on pressure for these powders.
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Fig. 8. Temperature dependence of viscosity obtained experimentally for four powders of
different dispersion
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Fig. 9. Pressure dependence of viscosity obtained experimentally for four powders of
different dispersion

The flow of the mixture, as follows from the obtained data, has a pronounced threshold
character: at a pressure below a certain value, the viscosity is very high, then at a pressure of
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about 1-1.5 MPa, the viscosity becomes minimal. Then it gradually grows linearly. At
temperatures below ~140-145°C, the viscosity is also very high, then it drops sharply, and
then decreases with temperature in accordance with a linear law.

The lowest viscosity in the experiment was obtained for the powder obtained at
explosion energy of 32.5 J/mm2, which has a relatively large fraction of micron-sized
particles. On the other hand, a powder with only micron-sized particles, without
nanoparticles, has the highest viscosity. Substituting the experimental dependences of
viscosity on temperature and pressure into formula (12), we obtain the dependence of the
extrusion rate on temperature (Fig. 10) and pressure (Fig. 11).
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Fig. 10. Dependence of the extrusion rate on temperature, taking into account the
experimental dependence of viscosity on temperature for four powders of different dispersion
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Fig. 11. Dependence of the extrusion rate on pressure, taking into account the experimental
dependence of viscosity on pressure for four powders of different dispersion

The extrusion rate grows weakly with temperature and pressure for all powders, except
for powder "32" with the most pronounced bimodality. Nanoparticles in a bimodal powder
play the role of liquid molecules, with micron-sized particles suspended there. Such a pseudo-
liquid, as shown by the experiment, has a lower viscosity than highly filled thermoplastic
mixtures with particles of the same size.
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4. Conclusion

The paper proposes a mathematical model of the 3D printing process (FDM technology) of
materials based on polymer binders and powders. The model is based on the integral
equations of continuum mechanics. Reasonable simplifications adequate to the case under
consideration are carried out. A simple relation (12) is obtained, which relates the extrusion
rate to the control parameters of the system: pressure, geometrical characteristics of the
nozzle, and mixture viscosity. The dependences of the viscosity of the mixture on pressure,
temperature, and the content of the dispersed phase are considered. A parametric study of the
model was carried out. The obtained dependences correspond to the data of other researchers
for similar materials and FDM technology.

The rheological properties of low-filled mixtures of powders with polymer differ from
those of highly-filled mixtures of bimodal powders. The paper presents experimental data on
the rheological properties of mixtures containing bimodal powders, depending on pressure,
temperature, and dispersion composition. A threshold dependence was found: at pressure
and temperature below a certain value (1-1.5 MPa, 140-145°C), the viscosity is very high,
which makes it impossible or difficult to flow. After this threshold, the viscosity decreases
slightly with temperature and slightly increases with pressure. Estimates of the extrusion
rate of this starting material were carried out, based on the proposed model and the
experimental results obtained.
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