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Abstract. This paper presents a theoretical approach to the analysis of ultrathin film 
morphological stability under surface diffusion. Based on the simplified Gurtin–Murdoch 
model the surface elasticity has been taken into account. Due to the lattices mismatch, the 
film structure is subjected to misfit stress. It is assumed that the free surface can change its 
shape via mass transfer in order to minimize the total energy. Surface diffusion is considered 
the main mechanism leading to the morphological instability of the film surface. It is 
supposed that the atomic flow along the surface is proportional to the gradient of the chemical 
potential.  The change in surface profile amplitude is described by the linearized evolution 
equation, which is derived by taking into account the solution of the corresponding plane 
elasticity problem. Based on the proposed approach, the effect of the physical and geometric 
parameters on the morphological stability of the ultrathin film surface has been analyzed. 
Keywords: ultrathin film coating, surface elasticity, morphological instability, surface 
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1. Introduction  
Experimental studies have shown that roughness can be formed on free surfaces and 
interphases of film coatings at the stage of fabrication [1,2]. During exploitation, these defects 
evolve resulting in a deterioration in the quality of devices created on their basis. Also, 
surface roughness is able to provoke crack propagation at the film surface and interface [3]. 
Therefore, investigation of the processes leading to the growth of surface and interfacial 
defects in film coatings is an important technological problem. It should be noted that in most 
of the theoretical works, which have been aimed to understand the surface pattern formation 
in solids, the surface elasticity effect was neglected since it was believed to be relatively small 
in comparison with the bulk elastic behavior [4-6]. However, numerous experimental and 
theoretical results demonstrate that the impact of surface stress becomes important in the 
mechanics and thermodynamics of nanostructured materials [7-15]. 

In the present study, we propose a theoretical approach to the analysis of the surface 
morphological stability of the film coating with a thickness of less than 100 nm. The impact 
of the surface/interface elastic properties is taken into account based on the Gurtin–Murdoch 
surface/interface elasticity model [16,17]. It should be noted that there are different 
mechanisms leading to the surface rearrangement, e.g. surface and volume diffusion [5,18], 
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evaporation/condensation [19], contact fatigue, and corrosion [20]. However, the main 
interest of the present paper is to analyze the effect of surface elasticity on the surface 
evolution of the film coating due to surface diffusion driven by a nonuniform distribution of 
the chemical potential along the undulated surface. It is expected that the nonuniform 
distribution of the chemical potential along the surface is caused by changes in the stress field, 
surface energy, and surface curvature. We consider the evolution of the surface relief as a 
change in the amplitude of the periodic undulation. To derive the evolution equation, it is 
necessary to find the stress-strain state of the system under consideration. For this purpose, we 
formulate the plane elasticity problem for the thin film coating with undulated surface profile 
considering the relief evolution as a quasi-static process. The solution to the corresponding 
boundary value problem is derived using the approach proposed in [21]. After that, the 
governing equation is obtained that gives the amplitude change of surface undulation with 
time. Its analysis allows us to explore the effect of the physical and geometric parameters on 
the morphological stability of film surfaces. 
 
2. Problem formulation 
The model of an ultrathin film coating with thickness ℎ𝑓𝑓 in range 1 – 100 nm deposited on a 
substrate with thickness ℎ𝑠𝑠 ≫ ℎ𝑓𝑓 under plain strain conditions is represented as an 
inhomogeneous elastic half-plane 𝐵𝐵 = 𝐵𝐵1 ∪  𝐵𝐵2 of the complex variable 𝑧𝑧 = 𝑥𝑥1 + 𝑖𝑖𝑥𝑥2  
(𝑖𝑖2 = −1) with a curvilinear surface 𝑆𝑆1 and a rectilinear interface 𝑆𝑆2:  
𝑆𝑆1 = � 𝑧𝑧: 𝑧𝑧 ≡ 𝜁𝜁1 = 𝑥𝑥1 + 𝑖𝑖�ℎ𝑓𝑓 + 𝜀𝜀(𝜏𝜏)𝑓𝑓(𝑥𝑥1)��,    𝑆𝑆2 = {𝑧𝑧: 𝑧𝑧 ≡ 𝜁𝜁2 = 𝑥𝑥1},   
𝐵𝐵1 =  �𝑧𝑧: 0 <  𝑥𝑥2  < ℎ𝑓𝑓 + 𝜀𝜀(𝜏𝜏)𝑓𝑓(𝑥𝑥1)�,    𝐵𝐵2 = {𝑧𝑧: 𝑥𝑥2 < 0}, (1) 
𝑓𝑓(𝑥𝑥1) = 𝑎𝑎cos(𝑏𝑏𝑥𝑥1) ,   𝑏𝑏 = 2π/𝑎𝑎,   𝜀𝜀(𝜏𝜏) = 𝐴𝐴(𝜏𝜏)/𝑎𝑎 ≪ 1 ∀ 𝜏𝜏,    𝐴𝐴(0) = 𝐴𝐴0.     

 

 
Fig. 1. The model of an ultrathin film coating with a slightly undulated surface 

 
In accordance with the Gurtin–Murdoch surface/interface elasticity model, the surface 

and interphase domains are represented as negligibly thin layers adhering to the bulk without 
slipping [16, 17]. The constitutive equations of the surface/interface elasticity model are used 
in the assumption that the surface energy depends only on surface strains and does not depend 
on displacement gradients: 
𝜎𝜎𝑡𝑡𝑡𝑡𝑠𝑠 �𝜁𝜁𝑗𝑗� = 𝛾𝛾𝑗𝑗0 + �𝜆𝜆𝑗𝑗𝑠𝑠 + 2𝜇𝜇𝑗𝑗𝑠𝑠�𝜀𝜀𝑡𝑡𝑡𝑡𝑠𝑠 �𝜁𝜁𝑗𝑗�,    𝜎𝜎33𝑠𝑠 �𝜁𝜁𝑗𝑗� = 𝛾𝛾𝑗𝑗0 + �𝜆𝜆𝑗𝑗𝑠𝑠 + 𝛾𝛾𝑗𝑗0�𝜀𝜀𝑡𝑡𝑡𝑡𝑠𝑠 �𝜁𝜁𝑗𝑗�,    𝜁𝜁𝑗𝑗 ∈  𝑆𝑆𝑗𝑗, (2) 
where 𝜎𝜎𝑡𝑡𝑡𝑡𝑠𝑠  is tangential surface/interfacial stress, 𝜀𝜀𝑡𝑡𝑡𝑡𝑠𝑠  is tangential surface/interfacial strain,  
𝛾𝛾𝑗𝑗0 is residual surface/interfacial stress, 𝜆𝜆𝑗𝑗𝑠𝑠  and 𝜇𝜇𝑗𝑗𝑠𝑠 are the Lame parameters for the 
surface/interface domain. 

The elastic behavior in the bulk phases of 𝐵𝐵1 and 𝐵𝐵2 is related by Hooke's law which 
takes the following form in the case of plane strain 
𝜎𝜎𝑛𝑛𝑛𝑛(𝑧𝑧) = �𝜆𝜆𝑗𝑗 + 2𝜇𝜇𝑗𝑗 �𝜀𝜀𝑛𝑛𝑛𝑛(𝑧𝑧) + 𝜆𝜆𝑗𝑗𝜀𝜀𝑡𝑡𝑡𝑡(𝑧𝑧),    𝜎𝜎𝑛𝑛𝑛𝑛(𝑧𝑧) = 2𝜇𝜇𝑗𝑗𝜀𝜀𝑛𝑛𝑛𝑛(𝑧𝑧), 
𝜎𝜎𝑡𝑡𝑡𝑡(𝑧𝑧) = �𝜆𝜆𝑗𝑗 + 2𝜇𝜇𝑗𝑗�𝜀𝜀𝑡𝑡𝑡𝑡(𝑧𝑧) + 𝜆𝜆𝑗𝑗𝜀𝜀𝑛𝑛𝑛𝑛(𝑧𝑧),  (3) 
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𝜎𝜎33(𝑧𝑧) = 𝜆𝜆𝑗𝑗/�𝜆𝜆𝑗𝑗 + 𝜇𝜇𝑗𝑗�[𝜎𝜎𝑡𝑡𝑡𝑡(𝑧𝑧) + 𝜎𝜎𝑛𝑛𝑛𝑛(𝑧𝑧)],     𝑧𝑧 ∈  𝐵𝐵𝑗𝑗. 
In Eq. (3), 𝜎𝜎𝛼𝛼𝛼𝛼 and 𝜀𝜀𝛼𝛼𝛼𝛼 are the components of bulk stress and strain tensors, 

respectively, defined in the Cartesian coordinates (𝑛𝑛, 𝑡𝑡) (𝒏𝒏 is a normal to 𝑆𝑆𝑗𝑗), and 𝜆𝜆𝑗𝑗 and 𝜇𝜇𝑗𝑗 are 
the Lame constants of the bulk phase 𝐵𝐵𝑗𝑗. 

The conditions of mechanical equilibrium are formulated in the terms of the generalized 
Young–Laplace equation and in the case of simplified constitutive equations of  
Gurtin–Murdoch model can be written as 
𝜎𝜎(𝜁𝜁1) = 𝜅𝜅(𝑥𝑥1)𝜎𝜎𝑠𝑠(𝑥𝑥1) − 𝑖𝑖 1

ℎ
𝑑𝑑𝜎𝜎𝑠𝑠(𝑥𝑥1)
𝑑𝑑𝑥𝑥1

,    𝜁𝜁1 ∈  𝑆𝑆1, (4) 

Δ𝜎𝜎(𝜁𝜁2) = 𝜎𝜎+(𝜁𝜁2) − 𝜎𝜎−(𝜁𝜁2) = 𝑖𝑖 𝑑𝑑𝜏𝜏𝑠𝑠(𝑥𝑥1)
𝑑𝑑𝑥𝑥1

,    𝜁𝜁2 ∈  𝑆𝑆2, (5) 
where 𝜎𝜎𝑠𝑠(𝑥𝑥1) = 𝜎𝜎𝑡𝑡𝑡𝑡𝑠𝑠 (𝜁𝜁1) is the surface stress, 𝜏𝜏𝑠𝑠(𝑥𝑥1) = 𝜎𝜎𝑡𝑡𝑡𝑡𝑠𝑠 (𝜁𝜁2) is the interfacial stress,  
𝜎𝜎 = 𝜎𝜎𝑛𝑛𝑛𝑛 + 𝑖𝑖𝜎𝜎𝑛𝑛𝑛𝑛 is the complex stress vector, 𝜎𝜎± = lim𝑧𝑧→𝜁𝜁2± 𝑖𝑖0 𝜎𝜎(𝑧𝑧), ℎ and 𝜅𝜅 are the metric 
coefficient and local curvature of 𝑆𝑆1, respectively. 

At infinity, 𝜎𝜎𝛼𝛼𝛼𝛼 (𝛼𝛼,𝛽𝛽 = {1,2}) in Cartesian coordinates (𝑥𝑥1,𝑥𝑥2) and the rotation angle 
of the material particle 𝜔𝜔 are specified as 
lim𝑥𝑥2→−∞ σ11 = 𝜎𝜎2 ,    lim𝑥𝑥2→−∞ σ22 = lim𝑥𝑥2→−∞ σ12 = lim𝑥𝑥2→−∞ω = 0. (6) 

It should be noted that the longitudinal stress can be a result of the lattice mismatch 
between the film and substrate materials [22]. Although it may also be caused by other 
factors, such as mechanical loading. 

Since the surface/interface and bulk phases are assumed to be coherent, the boundary 
conditions are as follows 
𝜀𝜀𝑡𝑡𝑡𝑡𝑠𝑠 (𝜁𝜁1) = 𝜀𝜀𝑡𝑡𝑡𝑡(𝜁𝜁1),    𝜁𝜁1 ∈  𝑆𝑆1,    Δ𝑢𝑢(𝜁𝜁2) = 𝑢𝑢+(𝜁𝜁2) − 𝑢𝑢−(𝜁𝜁2) = 0,    𝜁𝜁2 ∈  𝑆𝑆2, (7)  
where 𝑢𝑢 = 𝑢𝑢1 + 𝑖𝑖𝑢𝑢2 is complex displacement vector, 𝑢𝑢1  and 𝑢𝑢2  are displacements along 
axes (𝑥𝑥1, 𝑥𝑥2) and 𝑢𝑢± = lim𝑧𝑧→𝜁𝜁2± 𝑖𝑖0 𝑢𝑢(𝑧𝑧). 

During stress relaxation, the relief of the film surface may change. It is necessary to 
define the dependence of the relief amplitude 𝐴𝐴 on the time 𝜏𝜏 taking into account the surface 
diffusion and elastic deformation of film coating. 
 
3. Linear stability analysis 
It is assumed that the morphological evolution of the stressed film surface occurs due to the 
surface diffusion caused by the non-uniform distribution of the chemical potential along the 
surface. According to [23], the atomic flux along the film surface S1  is proportional to the 
gradient of the chemical potential 𝜒𝜒 
𝐽𝐽( 𝜁𝜁, 𝜏𝜏) = −𝐷𝐷𝑠𝑠𝐶𝐶𝑠𝑠

𝑘𝑘𝑏𝑏𝑇𝑇
 𝜕𝜕𝜕𝜕(𝜁𝜁,𝜏𝜏)

𝜕𝜕𝜕𝜕
, (8) 

where 𝐷𝐷𝑠𝑠 is the self-diffusivity coefficient; 𝐶𝐶𝑠𝑠 is the number of diffusing atoms per unit area; 
𝑘𝑘𝑏𝑏 is the Boltzmann constant, 𝑇𝑇 is the absolute temperature and 𝑠𝑠 is arc length along S1.  

Following [24], the local chemical potential of the surface can be defined as 
𝜒𝜒(𝜁𝜁, 𝜏𝜏) =  [𝑈𝑈(𝜁𝜁, 𝜏𝜏) − 𝜅𝜅(𝜁𝜁, 𝜏𝜏)𝑈𝑈𝑠𝑠(𝜁𝜁, 𝜏𝜏)]Ω, (9) 
where Ω is the atomic volume, 𝑈𝑈 is the strain elastic energy density and 𝑈𝑈𝑠𝑠 is the surface 
energy.  

Considering atomic flow along the surface and taking into account mass conservation 
law we obtain the following evolution equation which gives the change of surface profile 
𝑔𝑔(𝑥𝑥1, 𝜏𝜏) = 𝜀𝜀(𝜏𝜏)𝑓𝑓(𝑥𝑥1) with time   
𝜕𝜕𝑔𝑔(𝑥𝑥1,𝜏𝜏)

𝜕𝜕𝜕𝜕
= 𝐾𝐾𝑠𝑠ℎ(𝑥𝑥1, 𝜏𝜏) 𝜕𝜕2

𝜕𝜕𝑠𝑠2
[𝑈𝑈(𝜁𝜁, 𝜏𝜏) − 𝜅𝜅(𝜁𝜁, 𝜏𝜏)𝑈𝑈𝑠𝑠(𝜁𝜁, 𝜏𝜏)],  𝐾𝐾𝑠𝑠 = 𝐷𝐷𝑠𝑠𝐶𝐶𝑠𝑠Ω2/(𝑘𝑘𝑏𝑏𝑇𝑇). (10) 

To integrate the partial differential equation (10) and derive the stability conditions, the 
elastic strain energy 𝑈𝑈 and surface energy 𝑈𝑈𝑠𝑠 along the film surface should be determined.  

The elastic strain energy 𝑈𝑈 can be written as [25] 
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𝑈𝑈 = 1
2
𝜎𝜎𝛼𝛼𝛼𝛼𝜀𝜀𝛼𝛼𝛼𝛼,                            (11) 

where the summation is implied over repeated indices.  
It is should be noted that in previous works aimed at studying the evolution of the 

surface microrelief, the effect of surface strains was assumed to be insignificant and the 
surface energy 𝑈𝑈𝑠𝑠 was considered quantitatively equal to the residual surface stress 𝛾𝛾10. 
However, at the nanoscale, the effect of surface elasticity can be significant [6, 15]. So, in the 
case of a simplified Gurtin–Murdoch surface/interface elasticity model, the surface energy 
takes the form [26]  
𝑈𝑈𝑠𝑠 = 𝛾𝛾10(1 + 𝜀𝜀𝑡𝑡𝑡𝑡𝑠𝑠 ) + 1

2
(𝜆𝜆1𝑠𝑠 + 2𝜇𝜇1𝑠𝑠 − 𝛾𝛾10)𝜀𝜀𝑡𝑡𝑡𝑡𝑠𝑠 𝜀𝜀𝑡𝑡𝑡𝑡𝑠𝑠 .                      (12) 

Thus, to solve evolution equation (10) it is necessary to know the stress-strain state of 
the film/substrate system. To this end, we use the solution of the plane strain problem for the 
nanosized film/substrate system with undulated surface profile, which was proposed in [21]. 
In accordance with the mentioned above paper, the original boundary value problem (1) – (7) 
is reduced to the system of integral equations using the boundary perturbation technique,  
Goursat–Kolosov complex potentials, Muskhelishvili representations for stress components, 
and the superposition principle. Since we study a weak change of the surface relief, the 
components of the stress and the strain tensors of the bulk and surface phases are defined 
using the first-order approximation of the boundary perturbation method [21,27,28] 
𝜎𝜎𝑖𝑖𝑖𝑖 = 𝜎𝜎𝑖𝑖𝑖𝑖(0) + 𝜀𝜀𝜎𝜎𝑖𝑖𝑖𝑖(1), 𝜀𝜀𝑖𝑖𝑖𝑖 = 𝜀𝜀𝑖𝑖𝑖𝑖(0) + 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖(1),                        (13) 
𝜎𝜎𝑡𝑡𝑡𝑡𝑠𝑠 = 𝜎𝜎𝑡𝑡𝑡𝑡(0)

𝑠𝑠 + 𝜀𝜀𝜎𝜎𝑡𝑡𝑡𝑡(1)
𝑠𝑠 , 𝜀𝜀𝑡𝑡𝑡𝑡𝑠𝑠 = 𝜀𝜀𝑡𝑡𝑡𝑡(0)

𝑠𝑠 + 𝜀𝜀𝜀𝜀𝑡𝑡𝑡𝑡(1)
𝑠𝑠 . 

Unfortunately, the expressions for the components 𝜎𝜎𝑖𝑖𝑖𝑖(0), 𝜎𝜎𝑖𝑖𝑖𝑖(1), 𝜀𝜀𝑖𝑖𝑖𝑖(0), 𝜀𝜀𝑖𝑖𝑖𝑖(1), 𝜎𝜎𝑡𝑡𝑡𝑡(0)
𝑠𝑠 , 

𝜎𝜎𝑡𝑡𝑡𝑡(1)
𝑠𝑠 , 𝜀𝜀𝑡𝑡𝑡𝑡(0)

𝑠𝑠 , 𝜀𝜀𝑡𝑡𝑡𝑡(1)
𝑠𝑠  are not given in the paper due to their enormous size, although the detailed 

algorithm for their construction can be found in [21].  
The linearization in the space of the parameter 𝜀𝜀 for the metric coefficient ℎ and the 

curvature 𝜅𝜅  can be written as 
𝜅𝜅(𝑥𝑥1, 𝜏𝜏) = 𝜀𝜀(𝜏𝜏)𝑓𝑓′′(𝑥𝑥1),    ℎ(𝑥𝑥1, 𝜏𝜏) = 1.                  (14) 

Substituting (11) – (14) into (10), we obtain an ordinary differential equation the 
solution of which gives the amplitude as a function of time, physical and geometrical 
parameters 
ln(𝐴𝐴(𝜏𝜏)/𝐴𝐴0) =𝑅𝑅�𝑎𝑎,ℎ𝑓𝑓 , 𝜆𝜆1, 𝜇𝜇1, 𝜆𝜆2, 𝜇𝜇2, 𝜆𝜆1𝑠𝑠 , 𝜇𝜇1𝑠𝑠, 𝛾𝛾10,𝜆𝜆2𝑠𝑠 , 𝜇𝜇2𝑠𝑠, 𝛾𝛾20,𝜎𝜎2�𝜏𝜏. 
 
4. Numerical results 
As an example, consider a metal-on-metal system. We assume that the Poisson coefficients of 
the film and substrate materials are equal, i.e. 𝜈𝜈1 = 𝜈𝜈2. This simplification allows us to 
analyze the effect of the substrate through only one parameter, coating-to-substrate stiffness 
ratio 𝑟𝑟 = 𝜇𝜇1/𝜇𝜇2. The bulk Lame parameters of the film coating correspond to aluminum and 
are equal to 𝜆𝜆2 = 58.17 GPa and 𝜇𝜇2 = 26.13 GPa. To analyze the effect of surface/interface 
elasticity, we consider the surface/interface stiffness 𝑀𝑀𝑗𝑗 = 𝜆𝜆𝑗𝑗𝑠𝑠 + 2𝜇𝜇𝑗𝑗𝑠𝑠. The surface Lame 
parameters for aluminum with the crystal lattice orientation (111) are obtained by molecular 
modelling in [29] and correspond to the longitudinal surface stiffness  
𝑀𝑀1 = 6.099 N/m. However, the surface elastic constants depend on the crystallographic 
orientation and other factors [30], therefore, different values of surface/interface stiffness are 
considered below. 
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Fig. 2. The dependence of normalized amplitude change 𝐴𝐴(𝜏𝜏)/𝐴𝐴0 

on the perturbation wavelength 𝑎𝑎 
  

Figure 2 shows the dependence of the normalized amplitude change 𝐴𝐴(𝜏𝜏)/𝐴𝐴0 of the 
film surface relief on the perturbation wavelength 𝑎𝑎 for different stiffness ratio  
𝑟𝑟 = {0.3;  3} (red and blue lines, respectively), film thickness ℎ𝑓𝑓 = {5;  15} nm (solid and 
dashed lines, respectively) and surface stiffness 𝑀𝑀1 = 6.099 N/m (a) and 𝑀𝑀1 = 60 N/m (b). 
We take an underestimated value of the residual surface stress to conduct a qualitative 
analysis of the influence of the surface elastic parameters. Thus, the residual surface stress is 
assumed to be equal to 𝛾𝛾10 = 0.1 N/m. The interface stiffness and residual stress are equal to  
𝑀𝑀2 = 6.099 N/m and 𝛾𝛾20 = 1 N/m, respectively. The critical wavelength 𝑎𝑎𝑐𝑐𝑐𝑐 corresponding to 
the thermodynamic equilibrium is found from the intersection of the lines with the abscissa. 
When the initial wavelength is less than the critical wavelength (i.e. 𝑎𝑎 < 𝑎𝑎𝑐𝑐𝑐𝑐), the perturbation 
amplitude decreases with time and the relief is smoothed out. If the initial wavelength is 
greater than the critical wavelength (i.e. 𝑎𝑎 > 𝑎𝑎𝑐𝑐𝑐𝑐), the undulation amplitude increases with 
time. The maximum amplitude change corresponds to a wavelength 𝑎𝑎𝑚𝑚𝑚𝑚𝑚𝑚 which defines the 
unstable with the fastest growth rate. The wavelengths 𝑎𝑎𝑐𝑐𝑐𝑐 and 𝑎𝑎𝑚𝑚𝑚𝑚𝑚𝑚 are presented in Table 1 
and Table 2. 

 
Table 1. The critical wavelength 𝑎𝑎𝑐𝑐𝑐𝑐 of film coating for various parameters 

𝑀𝑀1, N/m 6.099 6.099 60 60 
𝑟𝑟 0.3 3 0.3 3 

ℎ𝑓𝑓, nm 𝑎𝑎𝑐𝑐𝑐𝑐, nm 
5 29.6 22.6 37.1 28.6 
15 29.6 26.1 33.6 32.1 

 
Table 2. The wavelength 𝑎𝑎𝑚𝑚𝑚𝑚𝑚𝑚  of film coating for various parameters 

𝑀𝑀1, N/m 6.099 6.099 60 60 
𝑟𝑟 0.3 3 0.3 3 

ℎ𝑓𝑓, nm 𝑎𝑎𝑚𝑚𝑚𝑚𝑚𝑚, nm 
5 42.6 33.6 53.6 43.1 
15 39.1 40.1 50.6 49.6 
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The critical wavelength is greater when the substrate is stiffer than the film  
(i.e., at 𝑟𝑟 < 1). As can be seen from the results, the effect of the stiffness ratio increases when 
the thickness of the film coating decreases. When 𝑀𝑀1 = 6.099 N/m and ℎ𝑓𝑓 = 15 nm, the 
influence of stiffness on the critical perturbation wavelength is insignificant. The wavelengths 
𝑎𝑎𝑚𝑚𝑚𝑚𝑚𝑚 increase with increasing surface stiffness 𝑀𝑀1. 

The effect of the interface stiffness 𝑀𝑀2 and residual interface stress 𝛾𝛾20 on the 
morphological stability of the film surface has been also investigated. It was obtained that the 
critical wavelength of the film surface undulation marginally depends on interface parameters. 
In this regard, the interface stiffness and residual stress are assumed to be zero,  
i.e. 𝛾𝛾20 = 0 and 𝑀𝑀2 = 0, in further analysis.  

The dependence of the critical surface perturbation wavelength 𝑎𝑎𝑐𝑐𝑐𝑐 on surface stiffness 
𝑀𝑀1 and coating-to-substrate stiffness ratio 𝑟𝑟 is shown in Fig. 3a and Fig. 3b, respectively. The 
critical wavelength 𝑎𝑎𝑐𝑐𝑐𝑐 increases with increasing surface stiffness 𝑀𝑀1. The impact of the 
stiffness ratio is greater for films with smaller thickness and surface stiffness. The critical 
wavelength does not depend on the film thickness when the stiffness of the film and substrate 
materials are equal to each other (i.e., 𝑟𝑟 = 1). In this case, the critical perturbation 
wavelengths correspond to an uncoated solid surface. 

 

 
Fig. 3. The dependence of critical undulation wavelength 𝑎𝑎𝑐𝑐𝑐𝑐 on surface 

stiffness 𝑀𝑀1 and stiffness ratio 𝑟𝑟 
 

The dependence of critical undulation wavelength 𝑎𝑎𝑐𝑐𝑐𝑐 on residual surface stress 𝛾𝛾10 for 
𝑟𝑟 = 0.3 (a) and 𝑟𝑟 = 3 (b) is plotted in Fig. 4. The critical wavelength 𝑎𝑎𝑐𝑐𝑐𝑐 increases with 
increasing of 𝛾𝛾10. In addition, the effect of residual surface stress on the morphological 
stability of the film surface is greater when the film is stiffer than the substrate (i.e., when  
𝑟𝑟 = 0.3). Also, the impact of the residual surface stress increases with decreasing film 
thickness in this case. If the substrate stiffness is less than the film stiffness (i.e. 𝑟𝑟 > 1), the 
influence of the residual surface stress on critical wavelength is marginally dependent on film 
thickness and the surface stiffness. 
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Fig. 4. The dependence of critical undulation wavelength 𝑎𝑎𝑐𝑐𝑐𝑐 on residual surface stress 𝛾𝛾10 

 
Figure 5 demonstrates the dependence of critical undulation wavelength 𝑎𝑎𝑐𝑐𝑐𝑐 on its 

thickness ℎ𝑓𝑓 for different stiffness ratio 𝑟𝑟 = {0.3, 3} (blue and red lines, respectively), 
𝑀𝑀1 = 6.099 N/m (a) and 𝑀𝑀1 = 60 N/m (b). The results show that the critical wavelength 
increase/decrease and tend to the critical wavelength corresponding to an uncoated solid 
surface with an increasing thickness of the film coating, which stiffness is greater/less than 
the substrate stiffness. The influence of the film thickness increases with an increasing surface 
stiffness 𝑀𝑀1. The threshold thickness, exceeding which we can ignore the impact of a 
substrate, increases with increasing surface stiffness. 
 

 
Fig. 5. The dependence of normalized deviation amplitude change 𝐴𝐴(𝜏𝜏)/𝐴𝐴0   

on the initial hole radius 𝑎𝑎 
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Fig. 6. The dependence of critical undulation wavelength 𝑎𝑎𝑐𝑐𝑐𝑐 on longitudinal stress 𝜎𝜎1 

 
The dependence of critical undulation wavelength 𝑎𝑎𝑐𝑐𝑐𝑐 on longitudinal stress 𝜎𝜎1 for 

different surface stiffness 𝑀𝑀1 = {6.099;  60} N/m (blue and red lines, respectively), film 
thickness ℎ𝑓𝑓 = {5;  15} nm (solid and dashed lines, respectively), and stiffness ratios  
𝑟𝑟 = 0.3 (a) and 𝑟𝑟 = 3 (b) is shown in Fig. 6. One can see that the critical wavelengths 
decrease with increasing 𝜎𝜎1. The impact of surface stiffness increases with increasing 
longitudinal stress. 
 
5. Conclusion 
In this paper, a theoretical approach to the analysis of the surface morphological stability of 
the ultrathin film coating is developed. The impact of the surface/interface elastic properties is 
taken into account based on the Gurtin–Murdoch surface/interface elasticity model. It was 
assumed that the surface evolution of the film coating occurs due to surface diffusion driven 
by a nonuniform distribution of the chemical potential along the undulated surface. It was also 
postulated that the nonuniform distribution of the chemical potential along the surface is 
caused by changes in the stress field, surface energy, and surface curvature. The evolution of 
the surface relief was considered as a change in the amplitude of the periodic undulation.  

The effect of coating-to-substrate stiffness ratio, elastic parameters of surface and 
interface, film thickness, residual surface/interface stress, and longitudinal stress were 
investigated. The following results were obtained: 

– the interface stiffness and residual interface stress do not affect the morphological 
stability of the film coating surface; 

– the critical perturbation wavelength increases with increasing surface stiffness, 
residual surface stress as well as with decreasing longitudinal stress and coating-to-substrate 
stiffness ratio; 

– the effect of surface stiffness decreases with an increase in residual surface stress and 
a decrease in longitudinal stress; 

– the critical perturbation wavelength increases/decreases with increasing film thickness 
when the film is stiffer/softer than the substrate; 

– the impact of the substrate decreases with increasing film thickness; 
– the threshold coating thickness, exceeding which it is possible to ignore the substrate, 

increases with an increase in surface stiffness and surface residual stress. 
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